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PROJECTION OF AN INVARIANT LOCUS 
IN [8] FROM A SOLID LYING ON IT 


By A. F. HORADAM (Armidale) 


[Received 23 August 1956; in revised form 12 November 1957] 


1. Introduction 


Previously in (3), I have shown that in [8] there is a locus L, of order 
45 and dimension 4 which is invariant under the 51840 x 81 operations 
of a certain group. This locus LZ is determined by the 5 independent 
cubic primals 


o= > a =0, (i 
if=o 

$1 = Xoo %Xo1 Loa + X19 X11 X12 +X 29 X21 Lee. = 9, (ii) 

$2 = Xoo X19 X29 +Xo1 Ly V2 +Xo2 X12 722 = 0, (iii) 

$3 = XoqX qq Loqt+Xoy Ly2 X29 +Xo2%9 X21 = 0, (iv) 

$4 = Xoo X12 X21 +Xo1 Ly Lee+Xo2 X11 X99 = 9, (v) 


where (2g, X19, Ze9> Tor» X11» Loy» Togs Tig» Xeq) is the ordered set of homo- 
geneous coordinates in [8]. Let Agg,..., Agg be the vertices of the 
simplex of reference in [8]. 

On L there lie 81 solids with which are associated 81 [4]’s not lying 
on L. Each pair of such spaces, solid and [4], is invariant under the 
collineation of an involutory matrix of the group. One such pair con- 
cerns us, namely the solid j determined by the points 


Ayy—Ax, Agi—Aox Au—Age An—Arz 
or by the primes 
Loo = 9, Lyp+%oq = 0, AoytA%oqg = 9, By t+%eqe = 0, +7, = 0, 
and the [4] J determined by the primes 
Lp — Tog = 0, Xoy—Aog = 0, =2%yy—Xoq = 0, %qy—Xq = O. 


Quart. J. Math. Oxford (2), 9 (1958), 81-86. 
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2. Projection of L from a solid lying on it 
We now proceed to project L from j on to J. Firstly, make the 
transformation whose matrix is 


- 


_i1fv2. : Se a A ¥ % f 
Y Moe ot ee 
Oe 
eee l 
Be l 
l l 
1 a ee 
1 fas See 
1 , Bh! 








so that K? = J. 
The solid j now has the transformed equations (omitting dashes), 


Lop = Lo = Xp, = Ty = Ty = 9, 
and the original defining points of the solid are transformed into the 

Further, the 5 independent cubic loci defining L have the trans- 

formed equations 
8 XBot Who + 6ary9 L3q+ 2x9, + 6x q That 2a}, + 6x; ZFo+ 

+223, +6227, = 9, (i) 
$1 = Xoo(X1— V2) + 22 yo(%y1 Loy —Ly2 Faq) + BW g9(Xyy Xpq— 21 Fy2) = 9, (ii) 
$2 = Loo(Tio— Xo) + 22% oy (2 yy Loy +212 oq) + 2 oa(X 1 Fy2+Xe1 Leg) = O, (iii’) 
$3 = Loo(Tt1— The) + 2x y9(X oy Lei — Loz Xy2) + 2W2ao(Xo1 X12—Te1 Xo2) = 0, (iv’) 
$4 = Xoo(X1—Z2) + 2 y(%o1 Lis — Loo Vag) + 2290 (%11 Lo2— Xo X22) = 9, (v') 
when again dashes are omitted. 

The section of this cubic by J, of which the equations are now 
Loo = Log = L1q = Xyq = O, is the set of 5 equations, given by Horadam 
(3), determining the Burkhardt configuration in [4]. 

To obtain the projection of L from j, we eliminate 22, 22, X12, Teo 
from equations (i’),..., (v’). This is done by multiplying (i’) by 2. and 
in this equation substituting in turn for 2923, 2X8, Zoo Te, Too X22, 
which are obtained from (ii’), (iii’), (iv’), (v’) respectively on multiplica- 
tion by 2, 29, X29, Zy_ Tespectively. Accordingly, after simplification, 
we get the quartic primal 

Xho + Bx o9(to +291 +241 +291) +480 49 yy Zy Tq, = 0. 





~— 
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If we replace 29 by —22, while leaving the remaining variables 
unaltered, we find that the equation of this quartic locus reduces to the 
form ‘ 

ae Xho —Xoo( Tot 1 +2} +23) + 3249 %1 ZX = 9, (vi) 
which is precisely the equation of B$, the rational Burkhardt primel in 
[4], given by Baker (1). Thus, we have 

THEOREM 1. The projection of L from a solid lying on it onto a [4] is 
the Burkhardt primal. 

This is quite a remarkable result. Since the fourfold locus {5 pro- 
jects from the solid j into a threefold locus B$, every point on B is the 


projection, not of a point, but of a curve on LZ. The nature of this 
curve is investigated next. 


3. A net of quadric surfaces in [3] 


Through the solid j take a system of [4]’s. Then the projections of 
these in J yield points of the projected locus B. A general [4] of the 
system is given by 





Xoo _ Tiot%9 _ Tut%ee _ Tet%o _ Tot Zoz (vii) 
1 a b c d 
where a, 6, c, d are parameters. 

In order to obtain the projection, we eliminate 259, 22;, X22, Tq (Say) 
from equations (i),..., (v), using (vii), where a, 6, c, d are allowed to 
vary. Performing this elimination and, for convenience in manipula- 
tion, writing x, y, z, w, t for X49, 24), X12, Logs Zp, Tespectively, we find, 
on removing the factor w which occurs in each equation, that 


6 = (l+a*+6+ 3+ d*)w*—3w(d*t+a*x+b*y+-c*z) + 
+3(dt?+-ax*+ by*+-cz*) = 0, 
¢, = @—ayz—bzx—cry+w(—dt+bex+cay+abz)—abew* = 0, 
d, = x*+dyz—w(ax+bdz)—t(cy—bz) = 0, 
$y = y*+dex—w(by+-edx)—t(az—cx) = 0, 
d, = 2+dry—w(cz+day)—t(bx—ay) = 0. 


It must be emphasized that these are not transforms of the original 0, 
¢; since the factor w has been omitted throughout. The preservation 
of the original symbolism is done for convenience. Hereafter, we refer 
to these loci and not to the original 0, ¢; defining L. 

We may regard 6, ¢; as the equations of quadrics in the [4]. Their 
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intersection is the locus, or set of points, in which L is cut by the [4] 
through j. Now 

6—3(dd,+ad.+bd,+c¢,) = w*(1+a*+b3+c3+d°+ 3abed) = 0. 
Write A = 1+<a°+6?+c3+d5+ 3abed. 

Two possibilities arise, namely: 

(i) If A 40, then w* = 0 is one of the quadrics of the linear oof 
system determined by @ and ¢,, and therefore all common points of 
these quadrics must lie in the prime w = 0 and hence, on projection, 
produce no points of the projected Burkhardt locus. 

(ii) If A = 0, then only four of the quadrics @ and ¢; are linearly 
independent, and they possess a common curve whose nature is sought; 
under the projection this whole curve is carried into a single point of 
the projected locus. 

Considering —1, a, 6, c, d as coordinates in the [4], we see, by (vi), 
that A = 0 is effectively a form of equation of the Burkhardt primal. 
Our objective now is to obtain a series of lemmas which will lead to 
the solution of the problem (given in Theorem 2). Such lemmas will 
not be proved fully, details being left to the reader. 

In what follows, write 

A=a+bed, B=b*+cda, C=c?+dab, D=d*-+abc, 

a’? = a*+4bed, 6’? = b?+4cda, c’* = c*?+4dab, d’* = d*+4abc. 
Let N be the net of quadrics 


5¢,+a6,+Bbst+yby = 9, 
where «A+fB+yC+6D = 0. 

Lemma 1. The quadrics of N are all cones having the same vertex 
V = (a,6,c,d, 2) [coordinates in the order x, y, z, t, w]. 

Verification of this result is easy. It may also be verified that V is 
the point of intersection of J and the [4] through 7. Lemma 1 does not 
involve A = 0. 

Lemma 2. The section of N by w = 0 isa net of quadric surfaces in 
[3] having 6 common points if and only if A = 0. 

Taking the section of N by w = 0, we obtain the set of four quadrics 


in [3] ¢} = t?—ayz—bzex—cary = 0, 
$3 = x*+dyz—cyt+bzt = 0, 
¢3 = y*+dzxr+cat—azt = 0, 


$f = 2°+dry—bat+ayt = 0. 
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Let W = d6t-+ad$+Bdi+yrdt = 0 


be the web determined by these quadrics. In addition, let M be the 
net in W determined by parameters satisfying 


aA+BB+yC+8D = 0. 


It may be verified that the base of M is either the set of 8 associated 
points 
(a,b,c,+d’), (+a’,b,—c,d), (—a,+6’,c,d), (a,—b,+c’,d), 


or a twisted cubic. (The first hypothesis may easily be shown to be 
invalid.) In the latter event there must be a cone of the system with 
its vertex at each base point of M and it is sufficient to find cones for 
two such points [Wood (5)]. On calculation it is found that the condi- 
tion for each of the 8 associated points to be the vertex of a cone in the 
system M is A= 0. Two of these cones meet, apart from the line 
joining their vertices, in a twisted cubic curve passing through all 8 
points [Todd (4)] and therefore lying on all quadrics of the net NV. 

Various loci, which can only be mentioned here, are perhaps worth 
a little consideration in terms of the condition A = 0. They are 


(a) in W the 4 quadric cones like the one for which 6 = 0, a = a, 
B = b, y =c, and the quadric given by = d, a= a, B=b, y= Cc; 

(6b) the 4 cubic cones for which 5 = 0, t, t, t; «=a, 0, —az, 2; 
B=y,y, 9, —y; y =z, —z, z, 0 respectively. 


4. Sextic curves of genus 2 on L 

Combining Lemmas | and 2, we have that the net N in [4] is the 
syste: of cones having vertex V = (a,b,c,d,2) and passing through 
the cubic conical sheet R joining V to the twisted cubic of Lemma 2. 

The locus of points common to the four ¢; is the section of R by any 
quadric, not belonging to N, of the web determined by these four. 
Such a quadric is ¢,. Now ¢, does not pass through V. Hence ¢, cuts 
R in a sextic curve *C* of genus 2 [Edge (2)], or in a pair of twisted 
cubics. In this latter case there would be one quadric of the web which 
is a solid pair. For general values of a, b, c, d, with A = 0, no such 
quadric exists, as can be easily verified. Therefore, we have the lemma: 


Lemma 3. The four quadrics ¢; (with A = 0) have in common the *C* 
cut on a cubic conical sheet by a quadric of the web determined by them. 
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We may now summarize the above remarks. 

From the solid j on L the locus L is projected into the Burkhardt 
primal in the [4] J. In J take a point V. Then the [4] Vj meets L 
in the locus common to the 5 quadrics 0, ¢; determining a linear system 
H which always contains a net consisting entirely of cones with vertex 
V. Either H is a system of freedom 4 and contains w = 0, in which case 
Vj meets L in j and nothing else, or, if A = 0, H is a web and Vj meets 
L in j and the *C*. Consequently, to a general point V in J there 
corresponds nothing (outside the fixed j) on L, but, if V lies on the 
Burkhardt primal A = 0, there corresponds to it the whole *C* on L. 

Summarizing, we therefore have 

THEorEM 2. Jf A = 0, every point on the Burkhardt primal is the 
projection of some *O0* on L from a solid on L. 

My very deep thanks and appreciation are due to Professor T. G. 
Room for his generous assistance in the development of the above 
theory. Finally, I should like to acknowledge the constructive com- 
ments offered by the referee in relation to the presentation of this article. 
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SOME PROPERTIES OF GRAM MATRICES 
AND DETERMINANTS 


By W. N. EVERITT (Shrivenham) 
[Received 15 March 1957] 


1. In all that follows the symbols Z, E(r) will denote measurable linear 
sets.t Any function which is of integrable square on Z is said to belong 
to the class of L*(EZ). The symbol {¢} will denote the ordered system of 
complex-valued functions {¢,(z),...,¢,(z)}, where the integer n is fixed 
throughout the paper. 

Let {¢} be defined on a set Z and let the following definitions hold: 


(a) a linear form of {4} is a finite sum 
> 4:92) 
i=1 
with constant complex coefficients a; one at least of which is not zero; 
(b) the system {4} is said to be linearly dependent over E if some linear 
form of {4} vanishes p.p. on Z; in the contrary case {¢} is linearly inde- 
pendent over E; 
(c) if in a linear form of {¢} the coefficient of a particular function, 
say ¢,, is not zero, then the linear form is said to be dependent on ¢,; 
(d) the symbol S(¢; Z) will denote the L*-span of {¢} over E (or 
briefly the span), and this is defined as the maximum number of linear 
forms of {¢} which are linearly independent over E and which belong 
to the class of L*(#). (Roughly speaking S(¢; Z) is the largest number 
of functions of L*(#) which can be formed from {¢} by linear com- 
bination.) 
With these definitions the following results are clear: 
(i) 0 < S$; 2) <n, 
(ii) S(¢; 2) = nif and only if {¢} is linearly independent over E and 
¢,€ L(E#) for 1 <i <n. 


2. The problem to be discussed in this note can now be indicated; 
it appeared originally in the theory of singular differential operators. 
In all that follows r, s, and t will denote positive integers. 


+ By an obvious change in notation we can extend all our results to functions 
of several variables. 


Quart. J. Math. Oxford (2), 9 (1958), 87-98. 
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Let the ordered system {¢,(z),...,,(2)} be defined over the sequence 

of sets {E(r); r > 1} and suppose that 
(i) {¢} is linearly independent over E(1), 

(iit E(r) s B(r+1) (r 2}), 

(iii) S{p; E(r)}=n (r > 1). 

Conditions (i) and (ii) imply that {¢} is linearly independent over 
each E(r). The monotonic condition (ii) permits the following definition 
of the limit set E is 
E = lim E(r) = U E(r). 

ro r=1 

The problem is to obtain information about S(¢; £), the span of {¢} 
over the limit set 2, from the behaviour of {¢} over the sequence { Z(r)}. 
Simple examples serve to show that S(¢; Z) < n is possible in spite of 
condition (iii) above. 

Four of the theorems are stated in the next section and their proofs 
then given. The last theorem is of a different character, and its state- 
ment and proof are left to the last few sections. All of the results obtained 
depend on the properties of Gram matrices and determinants of the 
system {¢} over the sequence {H(r)}. Some of the properties required 
were given by the author in a previous note (1). The general results 
on matrix theory which are quoted will be found in the book by 
Mirsky (2). 

The Gram matrix 

Did; E(r)} = Pdr. bas B(r)} 
of {¢} on E(r) is defined as the n x n matrix whose (i, j)-th element is 


[ $9, ae. 


‘ E(r) 
The Gram determinant 


Afd; E(r)} = Afdy,..5 ¢,; E(r)} 
of {¢} on E(r) is defined as det '{¢; E(r)}. 
I'{¢; E(r)} is an hermitian matrix and conditions (i) and (ii) above 
imply that it is also positive-definite [see (1) § 2]. Thus 
A{¢; E(r)}} > 0 (r >1). 
The following definition of , is now possible: 


BA E(r)} = Aidr.. br; E(r)} (l<t<n—1). 





BG; LO} 


+ Strict inclusion for an infinite number of values of r is assumed since other- 
wise the problem is straightforward. 
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In (1) the following inequalities were established 

0 < Afd; E(r)}} < Afg; E(r+1)} (r > 1), 

0 < p{E(r+1)} < pf{E(r)}} (rf D1; 1 <t <n—1). 


3. The monotonic nature of the set functions A and j, establishes the 
existence of the limits (finite or infinite) of these functions as r > 00. 

THEOREM 1. A necessary and sufficient condition that lim A{¢; E(r)}, 
as r -> 00, be finite is that S($; BE) =n 


THEOREM 2. A necessary and sufficient condition that lim p,_,{E(r)}, 
as r—> 00, be positive is that the system {4} should possess a linear form, 
dependent on ¢,(x), which belongs to the class L*(E). 

THEOREM 3. A Wecessary and sufficient condition that lim yf E(r)}, as 
r—>0o, be positive is that the system {¢} should possess n—t linearly 
independent linear forms, dependent on {¢,;;t+-1 <i <n}, which all 
belong to the class L*(E). 

Clearly Theorem 2 is a special case of Theorem 3 (when ¢ = n—1); 
however, only the proof of Theorem 2 is given since that for Theorem 3 
follows entirely similar, but more lengthy, lines. Theorems 2 and 3 give 
some idea of how the span S(¢; Z) is built up from the individual 
members of {¢}. 

For any given order of the functions ¢; which make up the system 
{¢} the behaviour of such terms as y,{ E(r)} is not, in general, sufficient 
to determine S(¢; Z). For example, if ¢,(x) is not contained in any 
linear form of {¢} which is of Z*( 2), then yf £(r)} > 0 for 1 <t <n—1; 
this follows from Theorem 2 and the representation 


_ TT Afb. b3 E(N} 
Ht E(r)} = I] Afdys-+-5 Pos13 B(r)} 


The last factor of this product tends to zero for 1 <¢t <n—1. Thus, 
in this case all the y, > 0 in spite of the fact that the subset 
is 1<i<n-}j 
may possess linear forms which are L*(£). 
To determine S(¢; Z) for the ordered system {¢} define the following 
set of numberst {3,; 1 <¢t < n} 


lim[A(,; Ze} (t= 1), 





8 Yo Miner bras HO} 
lim —We Fe (2 St <A). 
r—> 2 Afdy,---5 $5 E(r)} ( 
+ These numbers exist by virtue of the inequalities at the end of § 2. 
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Clearly 0<38,<@0 (l<t<n). 
This definition leads to the statement of the theorem: 


TuEorEeM 4. S(d; E), the L*-span of {¢} over the limit set E, is given 
by the number of the set {8,: 1 <t <n} which satisfy the condition 8, > 0. 


4. The proofs of the above theorems require the following lemmas. 

In all that follows {p,; r > 1} and {q,; r > 1} will denote strictly in- 
creasing sequences of positive integers. 

Lemma 1. Let {a,(r); 1 <i <n} be n complex-valued sequences, defined 
for r >1, where at least one of |\x;(r)| is not bounded as r>a. Then 
there exists a positive integer k (1 <k <n) and a sequence {p,;r > 1} 
such that 


(i) a(p,) AO (r > 1), 
(ii) |aj(p,)| +00 as r+, 
(iii) if we define 
Br) = app)? (lL <i <n), 
then there exists an absolute constant M such that 
IB(r)| <M for r>1 and 1 <icn. 


Proof. This is by induction on n. The result is clearly true when 
n= 1. 

Let the lemma hold for any set with n—1 members. If every member 
of the set {a,(r); 1 <i < n—1} is bounded, then, by hypothesis, «,(r) 
is not bounded and a sequence {p,} exists for which (i) and (ii) above 
hold with k = n; condition (iii) then follows. 

Alternatively, if one of «,(r) (1 <i <n—1) is not bounded, let k’ 
and {p;} be the integer and sequence for which the lemma is true for 
this set of n—1 members. Define 


V(r) = oP, oe(p,)}* (r > 1); 
if lim inf|y(r)|, as r > 00, is finite, then there is a sub-sequence of {p;}, 
say {p,}, such that y(p,) tends to a finite limit; we then put k = k’ and 
choose this sequence {p,} for the lemma to hold. On the other hand, if 
lim inf|y(r)| is infinite, then there is a sub-sequence of {p/}, say {p,}, 
such that (i) and (ii) above hold for «,(p,) and lim|y(p,)| = 00; we now 
choose k = n and this sequence {p,} for the lemma to hold in this case. 


Lema 2. Let the system {¢,(2),..., 6,(2)} and the sequence {E(r)} satisfy 
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the conditions (i), (ii), and (iii) of § 2. Let {a,(r); 1 <% < n} be n complezx- 
valued sequences. Define 


Ur; 2) = ¥ alr\b(z) (we Bir); r > 1) 


and suppose that the following two hypotheses hold: 
(a) there exists a constant M such that 
[ Wes2)de<M for r>1, 
Ei) 
(8) for at least one value of i, say i = j, 
lim inf|a,(r)| > 0, 
then es 
(a) there exists a constant K such that 
la(r)|} <K forl<icsn and r>1, 
(b) there exists a sequence {p,;r > 1} and a set of complex numbers 
{a;; 1 <i < n} such that 
a(p,) >a, (r+; 1 <i <n) 


with la,| < K, a, #90 
and $ a,d,(x)e LB), (4.1) 
i= 
(c) lim inf \h(r;x)|?dx > 0. 
roa E(r) 


Proof. This is in two parts. In the first result (a) is assumed to hold, 
and (6) and (c) then follow. Using this information we then show that 
(a) is a consequence of the hypotheses (a) and (8). 

(A) Assume then that (a) is part of the hypothesis. The first part of 
(b) then follows by a repeated application of the Bolzano—Weierstrass 
theoremt on limit points; a, 40 by virtue of hypothesis (8). To 
establish (4.1) we use (a) above; for every positive integer t, using 
dominated convergence, we have 

[ | Zager = lim f pp,; 2)/* dx 
B® ‘=? re Bio 
<limsup f{ |Wp,;2)/*de <M. 
Now let ¢ > 00, and (4.1) follows. 


+ See, for example, the proof of the ‘selection’ theorem in (4) 25. 
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Finally, if (c) is false, we have a sequence {q,; r > 1} such that 


lim |y(q,; 2)|* de = 0, 
rr? Kiar) 
and, if we apply to this result the above arguments for proving result 
(6), it follows that 
{ |S ai¢,l" de =0 
Bi *=? 
for some set {a;; 1 <i <n} with a; 4 0. This however contradicts (i) 
of § 2; thus (c) must hold. 

(B) In this second part we suppose that only («) and (8) hold and 
assume that (a) above is false; a contradiction then follows. Thus at 
least one member of the set {a,(r); 1 <i < n} is unbounded as r > «0, 
and consequently let k, {p,}, 8,(r) have the same meaning as in Lemma 1. 
Then for r > 1 we have £,(r) = 1 and, from (a) above, 


f |S Bitrrg)" dx < Mlag(p,)|-*. (4.2) 
E(pr) *~* 
Thus all the conditions for the arguments used in (A) above are satisfied 
for the set {8,(r)} (with 7 = k) and the sequence {E(p,)}, so that the 
result (c) in particular must hold for the function > £,(r)¢;. On the 
other hand, from (4.2) and (ii) of Lemma 1, 


lim sup f |S Burp)" dz = 0, 
to 
and this gives a contradiction. Thus (a) follows from («) and (8), and 
the proof of the lemma is complete. 
The following corollary is also needed: 


CoroLLaRy. Let y(r; x) be defined as for Lemma 2 but suppose that 
only the hypothesis (8) holds, then 





lim inf | lyb(r; x)|? dx > 0. 
ee 
If the above conclusion is false, then arguing as in the proof of the 
above lemma we obtain a contradiction. 


5. The proof of Theorem 1 of § 3 can now be given. 

If S(¢; H) = n, then, from (ii) of § 1 we have ¢,¢ L*(E) (l <i <n). 
Clearly then, by the Cauchy-Schwarz inequality, each element of 
A{¢; E(r)} tends to a finite limit as r > oo, and A itself will tend to a 
finite positive limit. Suppose now that the limit of A{¢; Z(r)} is finite 








eee ee ek 
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and yet S(¢; Z) <n; then, for at least one value of i, we have 
¢; ¢ L*(E), Clearly we can suppose that i = 1. 

Let the symbol ¢ denote the column matrixf (¢,(z),...,¢,,(z))*. 

For each r > 1 we apply the Schmidt orthogonalization process to 
the system {¢} over E(r) [for details of this process see Courant and 
Hilbert (3) 50]. Thus we have a sequence {7(r);r > 1} of lower 
triangular matrices with unity along the principal diagonal, i.e. 


T(r) = [t(r)] (say) (1 <i, j <n) 
ti(rh=1, tr) =O (J >t; r>1)), 
such that, if the system of functions {y,(r; x); 1 <i < n} is defined by 
the matrix equation y(r) = T(r)d, where 
U(r) = (Yr 15 2) soos Puls 2), 


then this system {y,(r; x)} is orthogonal over E(r). 
We now apply the transformation y(r) == 7'(r)¢ to the Gram deter- 
minant A{¢; E(r)} to obtain, for r > 1, 


A{¢; E(r)} = |det T(r)|*Afy(r); E(r)} [see (1) Lemma 1] 


i I | \b,(r; x)|2dx, since det 7(r) = 1, (5.1) 


1 Kir) 
= |b, (x) |? dx lb(r; a) |? dx (5.2) 
B ; Tf 
since o,(r; 2) = ¢,(x) for xe E(r). 


From the corollary to Lemma 2 we have 


lim inf ae x)(*dx>0 (2<i<n) 


ro Er) 
since ¢,,(r) = 1(1 <i <n) for r > 1 is equivalent to hypothesis (8) for 
each wid r; x). 
Clearly then, since ¢,(z) ¢ L*(Z), (5.2) now implies 


lim A{¢; E(r)} = 0 
This is a contradiction and we must have S(¢; Z) = n. 


6. In this section the proof of Theorem 2 is given. 
Suppose, to begin with, that the limit of u,,_,{2(r)} is positive. We 


+t T indicates a transposed matrix. 
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again apply the Schmidt process to the system {¢} over H(r) and write 





w(r) = T(r)d as in § 5. The triangular nature of 7'(r) also gives | 
(als 2) ones nals 2)? == SUPPxlH)rnes Fna(@))", (6.1) 

where S(r) =[t,(r)] ( <t,7 <n—]). 

Clearly det T(r) = det S(r) = 1. 


We now use the result (5.1) and in a similar manner apply the trans- 
formation (6.1) to A{q,,..., 6,-13 H(r)} to obtain 


pn-a(Bte)} = | f Wales 2) de] 


Ej(r) 
Thus, by hypothesis, 


Lim f |yu(r3 2)|* de = [lim p,-,{B(r)}] * < 09, 


rr? Fir) 
and, since y,(r;2) = > t,d(r)d(z) with t,,(r) = 1, 
i= 


all the conditions and hypotheses (a) and (8) (with j = n) of Lemma 2 
are satisfied by ¥,,(r; x). From (c) of that lemma we deduce the existence 
of a linear form, say (x), of {¢}, where 


x(x) = >> a,$(x) (a, = 1) (6.2) 
such that x(x) e L*(Z). 

To prove Theorem 2 in the opposite direction suppose that a linear 
form x(x), given by (6.2), exists such that ye Ag) We require the 
matrix S(r) above and the system {y,(r;z); 1 <i <n—1l}. We can 
also write 


(Yrs 2) y+) Pails ©), x(2))” = P(r\(bisr bn)” (r>1), (6.3) 


where, with partitioned matrices, the nxn matrix P(r) is given by 
S(r) 0 
P(r) = i i}: @ = (4,,...,4,-_). 


Clearly det S(r) = det P(r) = 1 (r>1). 


The transformation (6.1) is applied to the numerator of y,_,{E(r)}, 
as before. The transformation (6.3) is applied to the denominator and 
from the resulting determinant, namely 


Alyy... tnx E(r)}, 
n—1 
the factor i f (rr; x) |*® da 


=* Eir) 
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is removed to cancel with that in the numerator. It can now be seen 


that 
ia T-1 {(r)? ag 
_,{E(r)} = {det . 


where /,_, is the (n—1)x(m—1) unit matrix and 


Cir) = row! f xcenbdrs2) de] idles 2)@de[ 4H} a <i <n) 
Eir) E(r) 
nr) = [ |x(x)|* dz. 
E(r) 

We know from § 2 that lim »,,_,{#(r)} is finite and non-negative; to 
prove that this limit is positive we need only prove that each element 
of the determinant in (6.4) is bounded as r > oo. This, however, follows 
at once on inspection of {(r) and n(r), use of the assumption that 
x € [*(E), and the Cauchy-Schwarz inequality. This completes the 
proof. 

As stated in § 3 the proof of Theorem 3 is omitted since this is similar 
to the proof of Theorem 2. 


7. The proof of Theorem 4 is by induction on n, the number of 
functions in the system {¢}. 

Clearly the result is true when n = 1 by definition of 5,. Now sup- 
pose that the result is true for all systems with n—1 members where 
n > 1. Then the span of the system {¢,;; 1 < i < n—1} is given by the 
number of 8, (1 <¢t < n—1) which are positive. 

Consider 5,,; if this is positive, then by Theorem 2 there is a linear 
form, of L*(2), of the system {¢} which is dependent on ¢,, and this is 
linearly independent of any form, of L*(Z), which depends solely on 
{¢,(z); 1 <i gn—]}. 

Conversely, if 5,, is zero, then no independent form, of L*(Z), can be 
added to those already existing (if any). Thus the result is true in 
general. 


8. The last theorem depends on a property of the characteristic roots 
of hermitian matrices. Let the characteristic roots of the Gram matrix 
I'{4; E(r)} be designated by {A,(r); 1 <i <n}. Clearly, since [ is 
positive-definite, A,(r) > 0 for all ¢ and r. 

Suppose, without loss of generality, that, for all r > 1, 

lr) <Ayalr) (1 <i <n—1). (8.1) 
Then this notation and the monotonic condition (ii) of § 2, i.e. 
E(r) < E(r+1), 
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imply the following monotonic property of the characteristic roots 


valid forr>1, yin) <A(r+1) (1<i <n). (8.2) 
This last result follows from a theorem given by Courant and Hilbert 
[see (3) 33]. 


From (8.1) and (8.2) the following definition of the non-negative in- 
teger s as the number of A,(r) which tend to finite limits as r > oo is 


justified: <o (i <s), 


=o (t> 8). (8.3) 


lim A,(r) 
Clearly 0 <s <n. 

THEeorEM 5. With the definition of S(¢; E), the L*-span of {¢} over E, 
given in § 1 and the above definition of 8 it follows that 

S(¢; £) = s. 

9. The next three sections are taken up with the proof of Theorem 5. 

Since I'{¢; Z(r)} is hermitian, there is, for r > 1, an nxn unitary 
matrix U(r) such thatt 

U(r)P{$; E(r)}U(r)* = diag(A,(r),..-,Ap(r))- (9.1) 

Now define, for r > 1, the system {y,(r; x); 1 <i < n} by the matrix 
equation ¥(r) = U(r), where the matrix notation of § 5 is used again. 
If we now transform the Gram matrix I'{¢; E(r)} by this transformation, 
we obtain [see (1) Lemma 1] 


P{y(r); E(r)} = U(r) P(g; E(r)}U(r)*. (9.2) 
Comparison of (9.1) and (9.2) now gives, for r > 1, 
| blr; xypj(r; x) dx = 8,,A(r) (1 <i, j <n). (9.2a) 


E(r) 
Let the elements of U(r) be «,,(r); since U(r) is unitary, the following 
results hold,t for r > 1, 
la(r)| <1 (lL<t,j <n), (9.3) 
det U(r) = 1. (9.4) 
From (9.3) and repeated use of the Bolzano-Weierstrass principle there 
is a sequence {p,; r > 1} and a set of complex numbers {a,,;} such that 


lim Xi (P,) = ays, lag] <1 (l<t,j <n), 
ro 
and, from (9.4), det[a,;] = 1. (9.5) 


¢ An asterisk will denote the conjugate transpose of a matrix. 


t The positive sign can be taken on the right-hand side of (9.4) without loss 
of generality. 
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Now define the system of functions {x} by 


x(x) = >: a;¢(z) (lL<icgn;xe EB). (9.6) 
From (9.5) the system ‘Gi is linearly independent over (1) and hence 
over E; also, for 1 <i <nandze EZ, 
bl Pes 2) = ¥ cusp, \by(2) > xz) 08 7 > 00. (9.7) 
10. In this section it is shown that 
S(¢; EZ) >s. (10.1) 


Let s = 0; then (10.1) follows at once in this case. Suppose then 
that s > 0; from (8.3), (9.2a) and for the sequence spn re 9, 


lim f ide(Py; @)|* dar = lim Ap) <o (1<i<s). (10.2) 
rr” Ely) 
Also for each value of i in 1 <i < n there exists at least one value of j 
such that Jim inf|a,s(p,)| = lim |ay,(p,)| = lai > 0 (10.3) 


must hold; otherwise (9.5) is violated. Thus (10.2) and (10.3) imply 
that the hypotheses («) and (8) of Lemma 2 are satisfied for each of the 
functions w,(p,; x) (1 <i <a), and from this and (9.7) it follows that 
x(x) e L4(B) (1 <i <s). Hence, there are at least s linearly inde- 
pendent linear forms of {¢} which belong to the class L*(#), and (10.1) 
now holds for all possible values of s. 

11. In this section the converse of (10.1) is shown to hold, i.e. 


S(¢; E) <s. (11.1) 
We can suppose that 

S = S(¢; EZ) > 9, s<in (11.1la) 
since, if either of these does not hold, (11.1) follows at once. Thus there 
are S linearly independent linear forms, say {6,(x); 1 <i < S}, of {¢} 

which belong to L*(E). Since, from § 9, 

$ = U(r)" g(r), 

there is a set {8;,(p,)}, defined on the sequence {p,} of § 9, such that, for 
l <4 +. S, n 
6,(2) = 2 Pil PeWs(Pri x) (r > > 1). (11.2) 
The orthogonal property (9.2a) of {¥,(p,; z)} over E(p,) leads to the 


determination of the £;,;, 


Bis( Py) -_ O,(x)b,(P,; x) del f 
E(pr) 


E(pr) 


-1 
WWePys 2) |2 ae| 


3695.2.9 H 
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so that, for 1 <i < 8,1 <j <n,andr>1, 


-1 

Burd < fied] f ¥eiz%de]. (11.8) 
E(pr) E (pr) 

Since 6,(x) €¢ L*(£), it follows from (11.3) that there is a constant L 

such that, for the above values of i and j, 


Bi(P)| <L (r > 1). 
Again from the Bolzano-Weierstrass principle there is a sub-sequence 
of {p,}, say {q,;r > 1}, and a set {6,,} such that 
lim Bis(Qr) = bi; (|5;;| < L). 


From (9.7) and the use of (11.2) for the sequence {q,} we have, on 


letting r > 0, ~ 
6,(x) = 2b xz) (lL <i <8). 


Since, by hypothesis, the system {6;; 1 <i < S} is linearly inde- 
pendent, the rank of the Sn matrix [b,;] must be 8S. 

By (11.la) the set of j for which s+1 <j <n is not empty; from 
the definition of s and (9.2 a), the integrals 


| Wslp.sa)tde (+1 <j <n) 


E(pr) 
all tend to infinity with r. This implies, from the inequalities (11.3), 
that bj =0 (1<i<S;s+1<j <n). 


Thus n—s columns of [6,,] are all zero; but, since the rank of [5,;] is S, 
there can be at most n—S zero columns, i.e. 


n—s <n—S, S<s. 
Thus (11.1) holds in all cases. 
From (10.1) and (11.1) the proof of Theorem 5 is complete. 
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ONE-SIDED INEQUALITIES FOR INTEGRAL 
QUADRATIC FORMS 


By G. L. WATSON (London) 


[Received 28 March 1957] 


In recent years several writers have investigated the lower bound of 
the positive, or of the non-negative values of f, —/f, or |f|, f being an 
indefinite quadratic form, with real coefficients, in integral variables 
%,..., &, (not all zero). Estimates for k < 4 are given in (1), (4), (5), (7). 
For k > 5 it seems likely that all the lower bounds in question are zero 
if the ratios of the coefficients are not all rational; and Oppenheim (6) 
has shown that in this case the lower bounds all vanish if any one of 
them does so. Davenport (2) has shown that the lower bound of the 
non-negative values of |f| is zero iff |s| < kK—37, where s is the signa- 
ture of f. 

In view of the last two results, it seems of interest to consider the 
case in which the ratios of the coefficients are all rational. In this case 
nothing is lost by supposing that the coefficients are integral, and that 
f is primitive. I make these assumptions throughout this paper, and 
also assume that f is non-singular: that is, that its discriminant defined 
below does not vanish. I consider the lower bound of the strictly positive 
values of f; this lower bound is clearly an attained minimum, and I denote 
it by min*f. 

The problem was suggested to me by Dr. Chalk. For small values 
of the signature the method I use is not new and the theorem I prove 
would follow from some unpublished work of his which Professor Oppen- 
heim has kindly communicated to me. Miss D. M. E. Foster has shown 
me her proof, for |s| < 8, f indefinite, of my estimate (7) below, with the 
constant 1, 4, 4, or } replaced by 2. She has used her result in some work 
on inhomogeneous forms which she intends to publish shortly. 

To avoid restricting the signature I use a simple deduction (Lemma 3 
below) from the classical theory of the genus, which is of some interest 
in itself. 


1. I use non-Gaussian notation, in which the matrix A = A(f) of the 


+ Professor Davenport tells me that, in a paper to appear in Proc. London 
Math, Soc., he has weakened this condition to |s| < k—16. 


Quart. J. Math. Oxford (2). 9 (1958), 99-108. 
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form f is (d*f/@x,;éx,;) (i, j = 1,..., k) and the discriminant d = d(f) is 

defined by : 
d(f) = (—1)* det A (k even); $(—1)*#*-» det A (k odd). (1) 


Since A is congruent modulo 2 to a skew matrix, which for odd k is 
singular, it is clear that d is always integral. The Gaussian determinant 


A(f) = det(}4A) = (—})*"d(f) (2) 
is not always integral. The signature s = s(f) of fis the (unique) integer, 
easily seen to satisfy 

ls] < &, 8s = k (mod 2), (—1)#*) — sgnd, (3) 
such that f can be expressed as +£7+...1&, the é, being real linear forms 
in the z,, and the number of positive signs being 4(4-+-s). 

The constant in the inequality (7) below is that needed for a form 
with min+f = 1 and 
\d| = 1, 2, 3, 4 according as + s = Oorl,3,2,4(mod8). (4) 
For every pair k, s satisfying (3), and (3), there exists a form 
F(k,s) = F(k, 8; x,,...,Z,) 
satisfying (4). F(k,s) may be defined as follows. For 1 <s=k < 8, 
we take F(k,s) = F(k,k) to be an extreme positive form. We write 
F(1, 1) = 23, 
F(2,2) = xj+a, %+23, 
F(3, 3) = 2[+2§+9§+-%_%3 +2242, Xp, 
F(4, 4) ape F(5, 5; 2,,...,Xq, 0), 
F(5, 5) = (2, +-404+425)*+(a,.+44,— $25)?+ (23+ 42,)*+ 425+ $23, 
F(6,6) = F(8, 8; 2,,...,%5, Xe, Xe, Le)» 
F(7, 7) = F(8, 8; 2,,..., 7, 0), 
qd / 4 2 | 
== 2 ar. i 
F(8, 8) t > (23 + (20+ > z;) }. 
jJFt 
We take F(0,0), for convenience, to be identically zero and complete 
the definition of F(k, k) inductively by writing, for k > 9, 


F(k,k) = F(8, 8; X1,...,%g) +F(kK—8, kK—8; xp,..., X,). 
Now, for 0 < s < k, we write 


Pk, 8) = Wy Ly. +p ig Tyg HF (8, 85 Lygs 35-009 Ly) 
and, for s < 0, F(k, 8) = —F(k, |s|). 





3 





ON INTEGRAL QUADRATIC FORMS 101 
We shall see that the three ternary forms given by 
f = hz, x,—23, h = 4, 8, 16, min+f = 3, 4, 7, (5) 
with d(f) = —A*, and the quaternary form 
f = 3x, %,—2x§—32,2,—30j, d(f)=—27, mintf=2, (6) 
are exceptional. The values stated for min+f, for these exceptional f, 
are easily found by considering the possibilities for f modulo h or 3. 


2. I now state the result, and note some cases for which it is already 
known. 

THEOREM. Suppose that f is an integral, primitive, non-singular quad- 
ratic form, which if definite is positive and of rank k < 8. Suppose also, 
in case k = 3 or 4, that f is not equivalent to any of the forms (5),, (5)3, (6). 


Then 1 0 +i 
(mint f )* : oP _ j+3 
ST <\4) = tT (mod 8). (7) 
} + 


The sign of equality is necessary for every pair k, s, but only if f satisfies 
(4) or is equivalent to the form (5)s. 

For positive forms with k < 8 the theorem is merely a restatement 
of well-known classical results, which are included to simplify the induc- 
tive argument. This may be seen by substituting from (2) in (7), which 
then takes a more familiar but less elegant shape. 

The need for the sign of equality may be seen by considering the 
forms F(k,s) defined in the last section. 

For k = 2, s = 0, the theorem is also well known [see, e.g. (4) 329, 
Lemmas 1, 2, 3]. For k = 3, s = 1, the result has been proved by 
Davenport [see (4) 328 for a stronger result]. For k = 3, s = —1 [see 
(1) 186, Theorem 1] if f is not a zero form. If k = 4, then the left-hand 
member of (7) is J,/16 in the notation of (5), which gives the result for 
s = 0, 2[418, Theorems 1, 2]. For k = 4, 8s = —2, the result is known 
if f is not a zero form [see (1) 186, Theorem 2]. 

By a classical theorem of Meyer’s, every indefinite form with k > 5 
is a zero form. So, if convenient, we may assume that f is a zero form; 
also, in case k < 4, that k, s = 3, —1 or 4, —2. And all that remains 
to be proved is that (7) holds, and that there is equality in (7) only if - 
(4) holds: that is, only if min+f = 1. 

3. We begin with the argument for forms with numerically large 
signature. We first prove a lemma: 








) 
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Lemma 1. Jf f is indefinite and k > 4, then f represents every non-zero 
integer n not excluded by congruence considerations: that is, every n # 0 


such that Sf (xy,..., £,) = n (mod m) (8) 


is soluble for every m #0. If k = 3 and s = —1, then this result still 
holds for positive n. 


Proof. For k > 4 see (9). For k = 3, there may be integers n for 
which (8) is soluble for every m + 0, but f = nis insoluble. Every such 
integer, however (for indefinite f), satisfies certain conditions [(3) 594, 
Theorem 2], one of which is nd > 0. Now with k = 3, s =,—1, we 
have d < 0 by (3), whence the result. 


We shall say that two forms f, f’ are equivalent modulo m if there is 
an integral unimodular transformation, with matrix 7’, such that the 
transform of f by T' satisfies 


f? =f' (modm), (9) 


identically in the variables. If this is true, with 7’ depending on m, for 
every m + 0, we shall say that f, f’ are equivalent to every modulus If 
so, then it is clear that f’ may replace f without affecting the solubility 
of (8); and also that f, f’ have the same rank and discriminant. We shall 
show that it suffices to consider a finite set of values of m in (9). Clearly, 
it suffices to take m to be a prime p’, and we show that primes p not 
dividing 2d, and values of r large in relation to d, need not be considered. 


Lemma 2. Suppose that f, f’ have the same rank k and discriminant d, 
and are equivalent modulo p for each p dividing 2d and suitable r = r(p, d). 
Then f, f' are equivalent to every modulus. 


Proof. This is well known [see, e.g. (8) 191-3, Lemma 5.1, Theorems 
5.2, 5.3. In (8) rational transformations with denominators prime to p 
are used, but this is clearly immaterial.] The results quoted show that 
Jf is equivalent modulo p” to a canonical form which is determined 
uniquely by k, d if p{ 2d. If p| 2d and ris large enough, the canonical 
form has only to be trivially modified, by altering its last term in a way 
easily determined by comparison of discriminants, so as to make it 
equivalent to f modulo p’*". 


With the notation of the present paper, this lemma could be put into 
the sharper and more elegant shape: If d(f) = d(f’), k(f) = k(f’), and 


Jf, f' are equivalent modulo d(f), then they are equivalent to every modulus. 
Now we deduce our main lemma: 


a ee, ee ae ek 
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Lemma 3. Jf |s’'| < k(f) and s’ = s(f) (mod 8), then there exists a 

form f’ with 
Kf')=kKf), adf)=df), af')=8 
which is equivalent to f to every modulus. 

Proof. Pall [(8) 194, Theorem 5.5] has stated the necessary and 
sufficient conditions for the existence of f with prescribed k, d, s and 
prescribed congruence properties: that is, with f equivalent modulo p” 
to some given form, say f,, for each p dividing 2d, with r = r(p,d) as 
in Lemma 2. By Lemma 2, it suffices to show that these conditions 
remain satisfied when k, d and the congruence properties are left un- 
altered, but s(f) is replaced by s’. Now the conditions in question do 
not involve s explicitly, nor implicitly except in so far as they depend 
on a certain rational invariant c,(f). This invariant c,, = c,(f) is, in 
our notation, (—1)**-*-® [see (8) 191, (3)3]. Thus c,, depends only on 
the residues of k and s modulo 8, which completes the proof. 

We apply Lemma 3 with 0 < s’ < 7, whenever this choice is con- 
sistent with |s’| < k and does not imply s’ = s(f). Then f’ is either 
indefinite or positive, and k < 7 in the latter case. From Lemma 3 it 
is clear that (8) is soluble for every m if f’ represents n, in particular if 
n = mint f’; then Lemma | shows that min+f < min*+f’. Now, with 
s’ = s(f) (mod 8), the constant on the right of (7) is the same for f as 
for f’; thus the theorem is true for f if it is true for f’. 

A little consideration now shows that, if the theorem is proved for 


0 <8 <7, it will follow in all other cases, except those in which the 
foregoing choice of s’ is impossible, making s’ > k. These are the cases 
k=3,8= —l;k=4,8 = —2;k=5,8 = —1. 


4. The rest of the proof is based on a lemma: 
Lemma 4. Every zero form with k > 3 is equivalent to one of the type 
ff = Lo Ayyg Xp +A qq Lot... +-Agy Ly) +G(Xq,---, Ly), (10) 
where g is a (possibly imprimitive) (k—2)-ary form, and a,, > 0. 

Proof. Suppose that we are given a zero form, which without loss of 
generality we may take to have leading coefficient 0. Then, calling the 
variables y, for convenience, we may write it as y, L+-y, where L is a 
linear, and % a quadratic form in y»,..., yz. Then ZL cannot vanish, or 
the form would be degenerate; so let a,, > 0 be the greatest common 
divisor of the coefficients of L. Then we may write L = a,,/, where the 
coefficients of 1 have g.c.d. 1. We now transform y,,..., y, into new 
variables 2x,,..., 2, in such a way that / goes into z,. This is possible by 
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a well-known theorem on the existence of a unimodular matrix with 
prescribed first row or column. Putting also y, = 2,, this takes the 
given form into a,,2,2,+y', where yi’ = p'(2q,...,2,) is the transform 
of 4. Gathering together all the terms involving x,, we see that this 
form is of the type (10), with g = '(0, 2,..., 2). 


Now let s be fixed, and satisfy 0 < s < 8; we apply Lemma 4 to 
prove the theorem by induction from k—2 to k. The known cases of 
the theorem mentioned in § 2 give us a starting-point for each of the 
nine inductions; and also show that we may suppose k(f) > 3, f a zero 
form, and so use Lemma 4. We see from (10) that s(g) = s(f), and so 
the inductive hypothesis gives 


(min* g)*-* < e(g)|d(g)|, (11) 
where c(g) = c(f) = 1, 4, 4, or } is the constant on the right of (7), de- 
pending only on s(g) = s(f) modulo 8. 

Now from (11) we see that f represents every integer @,,2,-+-@., and 
clearly some such integer is positive and does not exceed @,», so that 


mint f < dy. (12) 
From (11), (12) we have 


(min*f)* < aj, ¢(f)\d(g)| 
since by putting z, = 0 in (11) we see that f represents min+g. Now 
from (1), (11) it is easily seen that d(f) = a}, d(g), and so we have 
(min*f)* < e(f)\d(f)|, 
which is (7). 

For equality in (7) we have to have equality in (11) and in (12), and 
also min+g = a), which by the inductive hypothesis implies that g is 
identically congruent to 0 modulo a,,. Hence from (11), with z, = 1, 
we see that f represents every integer congruent, for any choice of 
Wgs.e0y Ly, tO Ago+-Ago X3+-...+Azo 2%, modulo a,,. There can clearly be 
equality in (12) only if every such integer is a multiple of a,,, in which 
case a, is a divisor of f, whence a,, = 1 by the assumption that f is 
primitive. But this gives min+/f = 1, and now equality in (7) implies (4). 

By the remark at the end of § 3, the theorem is now proved except 
in the three cases k, s = 3, —1; 4, —2; 5, —1. 


5. In the last of these three cases, if we either assume the theorem 
to be true in the first, or use the result of (4), we see that g in (10), which 
has k(g) = 3, s(g) = —1, satisfies 


(min*+g)* < %\d(g)|. 
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With an obvious modification of the argument of § 4, this will give (7): 


a (min*f)® < |d(f)}, 
with equality only if the left-hand member is 1, if we can replace (12) by 
min+f < max(1, fas). (13) 


We may moreover assume that g is also a zero form; since otherwise, 
as noted in § 2, (7) holds for g with strict inequality, and the argument 
of § 4 works. So applying Lemma 4 to g we may suppose (changing, 
possibly, the values of ago, G49, @5,) that 

SS Lq(Ayq Ly +-Agg Lp +-Agy Ly +A gy Ly +-A5q Xs) + 
+a g(Agg Xp + Ogy Vy +54 Xs) +55 2G, (14) 
with a;, < 0 because s(f) = —1. 

The argument used to prove Lemma 4 shows (on permuting the 
suffixes and noting that the coefficient of x3 in (14) is zero) that f is 
equivalent to a form of the type (10) with a},, the g.c.d. of ag», dq, in 
place of a,.. Suppose temporarily that, if there is any choice, we take 
the least possible a,,: we thus have az, and a,, both divisible by a,,; 
otherwise we should have aj, < a,,. Hence, by putting 7,—ajj! a4. 25 
for x,, we may clearly suppose that a,, = 0. If now a,, is a proper 
divisor of a,,, then (12) gives mint f < }a,,; so (13) holds after per- 
muting the suffixes so as to interchange @,5, @3,. We may therefore 
suppose that @,. = 34, Az. = 0. 

Now in (14) we may clearly suppose that 0 < a. < a@,,; and, since 
f represents ady., we may suppose that ja,. < a,. < a,,; otherwise 
(13) holds. Similarly #a,, < ay, < @,. = Gq, and trivially 

0 < dy < fp. 
But now (14) shows that 
0 < f(0,1,1,—1,0) < jay, 
whence (13). 

6. It remains to consider the two cases k, s = 3, —1; 4, —2. In each 

of these we may assume (10), for the reason noted in § 5, and in either 


case we write Sip = flO, gy ones Xp) 

It is easily seen that by a suitable substitution 2, > z,+Axz, we may 

~~ 0 <d(fy) < 4a2\ag| (if k = 3), (15) 
0>d(fy) >a.d(9) (k= 4), (16) 


where in (15) we write a3, 73 (a,,; < 0) for the l-ary form g, while, in 
(16), d(g) < 0 since g is negative definite. Then (16) gives us that f, is 
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a ternary form with signature —1, or else a positive-definite form; but, 
because of the negative section g of fy, the latter alternative is impossible. 
Hence in case (15) we have (by the binary case of the theorem) 


(min*+f)? < (mint fy)? < 4a43|@33| = 4a;,"|d(f)]. 


And this will give (7), with strict inequality, if we have mint f < ja)». 
In case (16) we have 

(min*f )* < f§4y2/4(9)| = fei’ |d(f)|, (17) 
by the case k, s = 3, —1 of the theorem or by the weaker result noted 
in § 5. This gives 

(min*f)* < }/d(f)|, 

which is (7) with strict inequality, if we have min+f < }fa,,. It is, 
however, easy to deal separately with the case in which f, is a multiple 
of a form equivalent to one of (5). Excluding this case, we may omit 
the factor ?j in (17), and we have (7) with strict inequality if 


mint f < $49. 

7. It will now be clear that the two remaining cases will be disposed 
of, after a finite calculation, if we can prove that in each of them we have 
min+f < }a,, except for finitely many values of a,,. Since the proof of 
no other case depends on either of these two, I shall merely sketch the 
proof that this is so, omitting the calculations. 

Let c be the product of the distinct odd prime factors of a,, in (10), 
and write 5 = 0, 1, 2, 3 according as 
M@,isodd, da. =2(mod4), a .=4(mod8), a. = 0(mod8). 
Then we have the lemma: 


Lemma 5. There exists an integer ny prime to 2c such that (for k > 4, 
f indefinite, or k = 3, s = —1) f represents every positive integer n 
satisfying 

n= mo(mod2), —(n |p) = (m9 | p) for p odd, p|c (18) 
(where (n | p) is the Legendre symbol). 

Proof. We choose no, if possible, to be an integer prime to 2c and 
representable by f with z, = 0, 2, = 1: say ny = f(0, 1,ts,...,t,). This 
choice is easily seen to be possible if the coefficients ay,..., @,. are all 
even. If one of these coefficients is odd, it may be impossible to make 
f(0, 1, ty,...,t,) odd, but we can make it prime to c and it is easy to prove 
that in this case f is capable of every odd residue modulo 8; we choose 
m, as before modulo c, and odd, and otherwise arbitrary. 

Since (10) shows that f represents every integer a,,2,+@9, (8) is 
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soluble for all n if m is a prime power p’ with p /a,,: that is, p J 2c, or 
pic if a, is odd. If in (8) we have m = p’ with p odd and p|c, then 
(18), implies the solubility of (8). If we have m = 2", then (18),, with 
the first choice of m9, ensures that 


f (ay, 1, ty,..., ty) = n (mod 2”) 


is soluble for x,. If the alternative choice of n, is necessary, then (18), 
makes n odd (if 2 |a@,,) and so ensures the solubility of (8). 
Hence (8) is soluble in all cases, and Lemma 1 shows that f represents n. 


It is clear that (18) can be satisfied with 0 < n < 2°c, and this gives 
min*f < 2°. If 2° < }a,, we have the desired result min+f < }a,; 
and this also follows if we have min+f < 2°-*c. It suffices to prove 
this last inequality for large c: that is for c with a large prime factor p 
(above some numerical bound). 

The problem reduces easily to showing that for sufficiently large p 
(in fact for p > 29) there is a quadratic residue and a quadratic non- 
residue modulo p in every open interval of length }p. To prove this for 
residues, consider the squares between 0 and p. Then it follows for 
non-residues if p = —1 (mod 4). 

To verify the result for non-residues when p = 1 (mod 4), consider 
the integers + 2z* or +32? between + 49, if either 2 or 3 is a non-residue, 
If not, assume for the moment that there is a non-residue between 1 
and 4p, let g > yp be the greatest such non-residue, and consider the 
numbers (all non-residues) +q, +29, +4q, +69, +8¢. 

Finally, if no such q exists, then, for u = 1, 2, 3, 4, all the integers +n 
with n in the interval (4(w—1)p, jup) and divisible by u are residues. 
They are all incongruent modulo p, and a simple calculation shows 
that there are more than }(p—1) of them. This contradiction completes 


the proof. 


8. With integral, primitive forms considerations of homogeneity do 
not apply, and there is no reason why the exponent y in an estimate 
min*+ f = O(|d\”) should be k-!. I have shown (10) that 


min+f _— O( |d|¢+142*-®), 


From this, it should be possible to deduce (7) for |d| exceeding some 
bound d,. It would, however, be impracticable to obtain the present 
result in this way since d, would be enormously large. 
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ON PHASE-INVARIANT 
AND GAUGE-INVARIANT SPINOR ANALYSIS 


By H. A. BUCHDAHL (Hobart) 


[Received 9 May 1957] 


1. In the gauge-covariant formulation of spinor analysis of Infeld and 
van der Waerden (1)} the metric spinor y,, is subject to the condition 


(75 Yap);s = 9. (1) 
A gauge-transformation is understood to be a spin transformation 

Ay, = 5 efi, (2) 
for under this a contravariant spin vector a’ transforms according to 

a’ = eid, (3) 


whilst at the same time the imaginary part ®, of IX, (which is arbitrary) 
transforms according to ©, = 0,—4,. (4) 


Any tensor-spinor equation is therefore necessarily gauge-covariant in 
this version of spinor analysis. The disadvantage of (1) is that the 
covariant derivative of y,, does not vanish in general; so that the 
operations of raising and lowering spinor indices do not commute with 
the operation of forming the covariant derivative. It is therefore enticing 
to consider the possibility of replacing (1) by the stronger condition 

Ypuv;s = 0, (5) 
but, as pointed out by Bade and Jehle (2), the vector ®, would thereby 
be eliminated from the theory and its gauge-covariant character thus 
lost. 

In the first place, then, it may be remarked that it is possible to retain 
the advantages of both gauge-covariance and the formal covariant con- 
stancy of y,, by a minor modification of the definition of covariant 
differentiation. Accordingly, let subscripts following a semicolon now 
denote gauge-invariant covariant differentiation. Then, if Zj",. is a 
typical tensor-spinor, 

Dis sa = Di teat Cg Birk... ls Bacal 

— Whe Zit... tn, Zig... (6) 
Here «, is a given real (spin-invariant) vector, and w is the gauge-weight 
+ Their notation is used here, except where otherwise indicated. 
Quart. J. Math. Oxford (2), 9 (1958), 109-13. 
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itself by the factor e? under the transformation (2). Here (6) differs 
from the usual definition only through the presence of the last term on 
the right. If, as usual, one writes y,, = vye"’, the electromagnetic 
potential ®, is then to be taken (apart from a numerical factor) as 


”, = K,+9,. (7) 


2. (a) In the remainder of this paper the term ‘gauge-covariance’ as 
used above will be replaced by the term phase-covariance, as suggested 
by Weyl (3), whilst the former will be used only in its original sense of 

Jeyl’s theory (4). Then (6) is very reminiscent of the definition of gauge- 
invariant covariant differentiation in a Weyl space [cf. Buchdahl (5)]. 
An important difference, however, is that in (6) the 8, themselves are 
not phase-invariant, whilst the components of the linear connexion of a 
W, are gauge-invariant. This difference in behaviour arises from the fact 
that, whereas phase transformations as defined above are elements of the 
group of allowed spin transformations, gauge transformations are not in 
general elements of the group of allowed coordinate transformations. 
The correspondence between the two kinds of transformations can 
accordingly be made closer by a redefinition of phase transformation: 
the latter is now to be understood to mean the transformation (2) coupled 
with the simultaneous transformation 


Ky > Ket, (8) 


equation (6), along with the definition of w, being retained formally 


unaltered. In a spin transformation alone «, is invariant. If I%,, are the 
0 


components of the linear spinor connexion when x, = 0 (and phase 
transformations are not contemplated), then 


Da = Mat 48, Ke (9) 


The right-hand member of (9) is obviously invariant under phase 
transformations since under (2) alone 


Vhs ” Dis 38, be 


(6) A further change in emphasis towards the formalism of gauge- 
invariance is achieved by avoiding any reference to the spin transforma- 
tion (2) in the definition of phase transformation. Instead, the latter is 
now defined as the simultaneous transformations 


Ypv > Yuv e~#, kK, Kathy. (10) 
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The phase-weight is defined by the convention that a spinor Z (indices 
suppressed) has phase-weight w if under the transformation (10) it 
multiplies itself by e?. The phase-weight of o*#» is zero,t and the 
weight of any other spinor (whose weight is not implied by the weights 
of the basic spinors) must be prescribed a priori whenever it is not 
dictated by considerations of consistency. This means that under a 
phase transformation (10) the transformation (3) of a contravariant 
spin vector is not automatically implied: that is, it will be so implied 
only after a’ has been prescribed to have the phase-weight + }. 


3. The spinor analysis associated with a Riemann space V, is charac- 
terized by the equations 


okra! = gt, obiivg, 8B — sypitieyB, okiv = 0, y,y..=0, (11.1-4) 
phase-covariance being temporarily abandoned. (Indices following a 


colon denote covariant differentiation in V,.) The components of the 
linear connexions shall be ,, I‘.x, (the former, of course, being Christoffel 
0 0 


three-index symbols). Let W, be the four-dimensional Wey! space whose 
fundamental tensor (for a chosen gauge) is the metric tensor of the V, 
above, whilst its fundamental vector is k,. Let there be associated with 
the W, basic spinors o*#”, y,, which obey equations (11.1) and (11.2). Then 
joint gauge and phase transformations are defined by 

Yu» > Ypyet-4, k,> ke+f.es K, > Ks ths (12) 
where f and ¢ are arbitrary real scalars, whilst k, and «, are arbitrary 
real spin-invariant vectors. A spinor then has gauge-weight v and phase- 
weight w if under the transformation (12) it takes a factor e+, It is 
convenient to prescribe the gauge-weight of o*#” as zero, whereby Gis 
acquires unit weight. The gauge-invariant phase-invariant covariant 
derivative of a typical tensor-spinor Zj;,_ is then defined as 


Lie kas = Dis eat Ms Deh. a 


fice Reoes 
— Whee Zit... — (vk piwk,)Zii x.» (18) 

whilst in place of (11.3, 4) one now has 
of, = 0, Yue = 9. (14.1, 2) 
Setting for any component of either linear connexion I (indices sup- 
pressed) a=Tr-T, (15) 


+ Evidently any hermitian spinor must have zero weight. 
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one has, from (11.3, 4) and (14.1, 2), since for the chosen gauge and 
phase o*#” and y,, are the same for V, and W,, 


—Ak, of” + AS atv + Ay, okt = 0, (16) 
—A},+(tk,+ik,) = 0. (17) 

Now Aj, is given by (5) (1.1), viz. 
Ab, = —}(85k,+-3tk,—GaG",)- (18) 
Then it is easily verified that the solution of equations (16) and (17) is 
Ay, = Ho, 0h, +18), «,). (19) 


Thus (19) provides the explicit form of the gauge-invariant and phase- 
invariant spinor connexion. From it one may form the gauge-invariant 
and phase-invariant spin curvature tensoryt 


Pig = 21% 00) He ee (20) 
The Ricci’s identity reads, in the case of a contravariant spin vector for 
example, ‘ ; s 
, — 29" fq = Pie + (that iwds)n”, (21) 
where Su as 2hig n> Dut oS 2kisp- (22) 
Applying this to the identity y,,,..4 = 0 one has at once 
Pig = —(hfatida)- (23) 
Using (19) in (20) one has after some manipulation the detailed result 
Pe sen Pratt Kats FHip oy — bit, put» (24) 
where Kg = hea tthe hj hog h #. (25) 
The identity oki = 0 


gives the relation between P* .« and the curvature tensor of W,, viz. 

Rig oli” + Pi c+ Pry ohiid — 0) (26) 
since v = w = 0 here. The identity (26) is formally identical with the 
corresponding relation in a V,. 

In conclusion it may be mentioned that the considerations above can 
also be translated into the language of the «-formalism [ef. (1)], but the 
analysis is then somewhat overburdened by the multiplicity of weights 
which characterize the general spinor, viz. its coordinate-weight, spin- 
weight and spin-antiweight, gauge-weight and phase-weight. The use 


t Brackets enclosing indices act in every case only on one type of index, e.g. 
here only on the tensor indices s and t. 
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of the y-formalism at least prevents the necessary appearance of two 
of these. 
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SOME REMARKS ON TAUBERIAN THEOREMS 
By A. JAKIMOVSKI (Jerusalem) 


[Received 8 May 1957] 
1. Introduction 
In § 5 of this paper we are interested in tauberian theorems for the 
Laplace and Abel transforms. The tauberian conditions in that section 
are of one of the two forms 


lim inf inf {s(y)—Ms(x)} > 


Zrom I< <ysAx 


for some A > 1, M > 0, and finite c. (1.1) 
lim lim inf inf {s(y)—Ms(x)} > 


ie for some M > 0 and finite c. (1.2) 

The tauberian condition (1.1) with M = 1 was treated by T. Vija- 
yaraghavan [see (16)]; (1.1) with c = 0 includes R. C. Buck’s condition 
for functions of ‘bounded decrease’ s(y)— Ms(x) > 0for0<x<y<Ax 
[see (3)]; (1.2) for M = 1 and c = 0 is R. Schmidt’s well-known tau- 
berian condition. 

In § 5 we are interested in tauberian theorems with tauberian condi- 
tions of the forms 


lim inf {s(Ax)—s(x)} > —oo (xt) (1.3) 
for some A > 1, AYE 
lim inf{s(Ar)—s(x)} > —oo (at) (1.4) 


for each A > 1 of a set of numbers A > 1 such that the set of numbers 


log A is of positive Lebesgue measure. It might be remarked here that 
the condition 


lim m inf {a(Ax)—a(z)} >—-K >-—-o 


uniformly in A satisfying 1 < A < i, is the same as (1.1) with M = 1 
and A = Av. 

In § 3 we investigate the inclusion relations between (L,«) methods 
of summability of different orders. (For the definition of the (L, «) 
methods see § 2.) 

In § 2 we are interested in the ‘iteration product problem’ of the 
(L,«) and continuous Hausdorff transformations. The ‘iteration pro- 
duct problem’ might be stated thus. Suppose A and B regular trans- 
formations of a sequence {s,} or a function s(x). Denote by AB the 
Quart. J. Math. Oxford (2), 9 (1958), 114-31 
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iteration product which associates with a given sequence (or function) 
the A-transform of its B-transform. For which pairs A, B of trans- 
formations does A-summability imply A B-summability ? This problem 
for some pairs A, B was treated by me in (7) and (8), by O. Szdsz in 
(13) and (14), by C. T. Rajagopal and me in (9), by C. T. Rajagopal 
in (11), and by M. 8. Ramanujan in (12). 

In § 4 we define a class of transformations, the M(a, 8) transforma- 
tions, and give some of their properties. We use these transformations 
in § 6. 

I wish to thank the referee for some interesting remarks. 


2. The iteration product of Hausdorff and (L, «) transformations 


In this section we suppose that the function s(x) is bounded and 
B-measurable in every finite interval of z > 0. Every integral over 


a finite interval will be a Lebesgue-Stieltjes integral. By [ f(x) de we 
denote 


li dx 
im ff 


if the last limit exists. Only when fl f(x)| dx exists we denote f f(x) dx 


ao 


by } f(@) dz. 


Definition. A function s(x) is summable (L,«) to s for some fixed 
a > —] if 


Lr) = Lo oe tte dt 
(r) = {r, s(x)} = non} a(t)t*e 

é 
exists for all r > 0 and lim L™(r) = s. 


Tr ,0 
It is easy to see that the (Z,a) transformations are regular for 
a > —1; that is, from lim a(x) = 8 


rw 


follows lim L™(r) = 8 
rT 0 
for each « > —1. 


Let ¢(x) be of bounded variation in 0 <2 < 1. The function t(zx) 
defined by 4 
tx) = | set) dd(t) (x > 0) 
0 
is called the ‘(continuous) Hausdorff transform of s(x) by means of 
¢(x)’, or, inshort, an[H, 4(x)] or H transform of s(x). If ¢(x) is absolutely 
continuous in 0 < a < 1, we suppose in the definition of t(x) that s(x) 








Sor Neh eg: 


ere ECT TNO 





116 A. JAKIMOVSKI 


is L-measurable in each finite interval of x > 0 and not necessarily 
Borel measurable. We say that s(x) is summable [H,¢(x)] to s if 
lim t(x) = 8. 

Fe he) 





Again o(zx), the Cesaro transform of order « > 0 of s(x) (in short, 4 
the (C,«) transform) is defined for « > 0 as the [H, 1—(1—2)*] trans- : 
form of s(x) and for « = 0 as equal to s(x). It is known that the (C, a) } 
transformations are regular for « > 0. 

It is known [see (4)] that an [H, ¢(x)] transformation is regular if and 


only 4(0) = 4(0+),  $(1)—9(0) = 1. 


We shall suppose (as we may) to the end of this paper that for regular 
[H, ¢(x)] transformations we have ¢(0) = 0 and ¢(1) = 1. 
The main result of this section is 





THEOREM 2.1. Let s(x) be summable (L,«) to s for some a > —1. 
If t(x) is any regular [H,¢(x)| transform of s(x), then for all positive | 
values of w ; 


“. 1 
ward ‘ ie (wa) “+ aed 
mare J ea Tat) { sai a dg(z), 
? 0) 


and further t(x) is summable (L, «) to s. 


In order to justify the interest in the theorem for non-absolutely 

convergent integrals we may take the function 

8(x) = exp(e'+t)sin expe, 
which is summable (Z, 1) to zero and its (Z,1) transform is not abso- 
lutely convergent. [For this example, see (17) 46.] 

Theorem 2.1 for absolutely convergent and uniformly bounded 
Lr, 3(x)} transforms for 0 <7 < is included in Theorem II of 
Rajagopal’s paper (11). 

We need two lemmas. 


Lemma 2.1. Let L{r, s(x)} exist for some « > —1 and for all + > 0. 
If s(0+-) exists, then lim L™(r) = (0+). 
Tt@ 


Proof. For x > 0 define 


a(x) = | s(t)t* dt. 


Ct, 


o— 


Then flr) = ii e-*da(t) = f 3(t)t%e-7 dt. 
0 
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z 
Now,asz}0, a(z)~ | s(0-+-)t* dt = 80+) pat 
a+l1 
0 


Write y=atl, A=T(a+1)s(0+). 
Then [(17) 181, Theorem 1 (3)] as 7 | 0, 
f(t) ~ P(a+1)r-9*98(0+), 
which proves the lemma. Incidentally this theorem is due to Hardy 
and Littlewood [see (5) 27, Lemma f]. 


Lemma 2.2. Let L™{r, s(x)} exist for some « > —1 and for all r > 0. 
Suppose that s(0+-) exists and define L™{-+-00, s(x)} = 8(0+). Then 
L™{r, 3(x)} is continuous in r for 0 <r < +00. 

The proof follows from Lemma 2.1 and the known fact that a Laplace 
transform is a regular analytic function inside its region of convergence. 

Proof of Theorem 2.1. We may suppose, as we shall do in this proof, 
that s(x) = 0 for 0 << 2 < 1. We see this by the following two facts. 
Define s(x) by pote s(z) (0<2<)), 

~ 10 (x > 1). 
Then é(z) is defined as the [H, ¢(x)] transform of s(x). First, by Fubini’s 
theorem, we have, for w > 0, since s(x) is bounded in 0 < x < 1, 


1 1 
(wa) e+) * 
| ef (Mee a dd(x) 
J P(a+1) : 


1 oo 

(wa)-e+» 3 & p—u/wr | 

Oe ee (w)u*e-““? du} dd(x) 
{| I'(a+1) : 





1,@ 
wet) e a 
= Tet) | fatcone a| dd(x) 
0 ‘0 
w+) r. s0 
= —on dy. 
Poet | Herre v 
0 
Secondl we ean 
econdly, ie rerh | Or = @. 


By Lemma 2.2 and lim L(x) = s it follows that, for each constant w 
z+0 


satisfying 0<w< +o, L@(wr) is continuous for 0< 2 < +0; 








= soem 
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therefore this function is bounded for 0 < x < +00 and the repeated 


integral 1 
anf I 
f x>(2) age 
0 


exists. First we show that the last repeated integral is equal to 


1 Ax 
i (wa) ” Ap—u/ew 
ae {fern 8(u)u%e a d(x). 


It is easy to show [see (17) 39 Theorem 2.2a for a similar result] that, 
if L(r,) exists for some « > —1 and 7, > 0, then 


z 


8,(x) = [ dt = O(a-*e™?) asx—>o. 
0 


From the last remark we obtain on integrating by parts 


o— 


(war) a+» [ s(u)u%e-“ee dy = —(Ax)-1s,(Ax)A%t-atNe-Alo 
Az 


At (2.1) 
For z satisfying 0 < x < 8/A, for some fixed 5 > 0 and for A > 3, we 
have ‘A\oti 
colt 


w 


i) 
u he 
— (wa) 2,(u)(x—  Jus-teree du. 
x 


04642) gust y-terte-dhe 
Ax 








where |o(y)| < C = C(8) for 0 <y < 8. Accordingly 


8,(A 
ae) Atl wis+Ne-Alw = 0, (2 2) 


as A-—-+oo uniformly in z, where 0 < 2 < 8/A. For 8/A<2x<l 
we have, if we choose a y such that wy < }, 


8,(Ax)/A —" 
Ax \w 


a+ 
< K3-001(4)exp(—(w-t—) 4) 








where |o™(u)| < K8—*+Derv4 (u > 8). Thus 


eae 


a+1 
) e~4v + 0 (2.3) 
Ww 


Ax 





sists A at aly 6 haa Scere 
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as Ao, uniformly in x (8/A < 2 < 1). Similarly for /A <2 <1, 
if A is sufficiently large, yw < } and A/w > a, 


(wa) +) | o(u)ut-ternter( 4 — =) au| 
| all 


Ax 


@ 
< (wx)-o+) | |8,(u) |u*(wa)-te-“ du 


‘ f 1 
< K(wa)-+) | (w2)-texp| — (7 —7)u} du 
Ar 


= K(wx)-“*)(1—ywr)-l exp{—(w-!— ya) A} 
+0QasA-—>oo, uniformly in 2 (8/A <2 <1). (2.4) 
For 0 < x < 8/A < 1 we have, if A is sufficiently large and A/w > a, 


@ 
i Uu | 
(wa) 9+) | a,(u)(a— Jute we du 
wx 
Az | 
@ 


< (wa) “o+2) | \o)(w) |u*+e-™ wr du. 
dz 
Now, if, in addition, 0 << y <1, yew < 1, and A > 1, we get, since, for 
0 <u <1, |e™(u)| is bounded and, for 1 < u < +0, o(u) = Ofe”), 


| > | 
(apart bits U \,,«-1p—u/we 
(wz) ) [ sxiuy(s mar e " 


[ ween{—(2—r)o} a 


on 0| ears 
ar | 


_— of (1 —yw)-2+® ( prtle—v ar| 
(A/w) — By 
+ 0 as A > +00, uniformly in x (0 <2 <8/A). (2.5) 
Combining (2.1), (2.2), (2.3), (2.4), and (2.5) we see that, for each fixed 
w> 0, 


@ 


1 
he Too | [ s(tyure-wes il dg(x) = (| ase) +0 a8 A>+o. 
U Az (2. 6) 








cata tn te 


— cence 





120 A. JAKIMOVSKI 
By supposition s(x) = 0 for 0 <2 <1. Therefore 


1 
{ (war) +0) 8(u)u%e-woz al dd(x) = 0 for eachw > 0. (2.7) 
jes 


Now, by (2.6) and (2.7), 
1 
(wa) arn i iis 
feces rary J 8(u)u%e-“/ i d¢(zx) 
Pe (wa)-o+1 
. umf I'(a+1) 
1 
tin fae wat) 
0 


= Sol i{f 8(xv) age) P Th ve" dy 


8(u)u%e—w/er a dd(zx) 





8(xv)v%e-"/" a| d¢(zx) 


al 
if 


= L={*.1)| for each w > 0. 


Here (2.8) is the identity given in Theorem (2.1). Now, we may look 


on the left-hand side of (2.8) as a regular [H, ¢(x)] transform of L™(1/w), 
which completes the proof since 


lim L@(w-1) = s. 


w@ 


3. An inclusion relation for (L,«) methods of summability 
The main result of this section is 


THEOREM 3.1. Suppose that L®{r, s(x)} exists for all r > 0 and some 
fixed B > —1. Then Lr, s(x)} exists for all r > 0 and all « satisfying 
B>a>-—1. We also have, for these values of 7, «, 


T(p-+1)r8#2 ey a 
rerire—s) | (t—7)Po-te-Pen LOMt) dt = Lr), (3-1) 





If, in addition, s(x) is summable (L, 8) to 8, then s(x) is summable (L, «) 
to s for each « satisfying B > « > —1. 


Theorem 3.1 for absolutely convergent integrals for 8 > 0 and «a = 0 
is Theorem A’ of (9). 





_— Pep ee ee 
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3 We need the easily proved lemma: 
Lemma 3.1. For any four real numbers 8, «, 7, u satisfying B > a 


: and T, U a 0 Pa 
: 1 
T'(B+-1)r*+ | (t—r)P—2-1y+B+D dt — 1 








i P(B—a)P(a+1) 
} and [ (t—1)-=4e-™ dt = T(B—a)u~B-me-r», 


Proof of Theorem 3.1. There exists a positive constant D such that 
ls(x)| < D for 0 <x <1. Thus, for 7 > 0, 





1 1 
[ s(t)tBe-# au <D J the- dt < DY(B+1)r-8+», (3.2) 
0 0 


; | 


Now (3.2) implies that the repeated integral 
f (t—r)P-2-1 


exists for allt > 0. Integration by parts and the estimation of s,(x) at 
the beginning of the proof of Theorem 2.1 yields, for any fixed a > 0, 


o— 


f s(t)tPe-t dt = [s,(t)tfe*]- ° — f sp—rtPre~ dt 





1 
| 3(u)uBe-t au| dt (3.3) 
0 


t=a 
a 


= —8,(a)e-"a®—B [ ey(tyPte— dt+7 [ ay(tBe- ae 


= O(e-#*7), as rt. (3.4) 
By (3.4) the repeated integral 


fewer f oquyute-n au} dt 
T 1 


exists for allt > 0. Therefore the repeated integral 


o- 


fee f 8(u)uhe-™ au} dt 
7 i 


exists for all r > 0. If it were allowable to change the order of integra- 
tion in the last repeated integral, we should have, by Lemma 3.1, 


fc—npo{ f etautern du| dt = feta f «ayo a du 


= I'(p—a) f o(uyure-r™ du, 
ry 











a 


5 OO a 
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for all r > 0. The last identity is the same as the first conclusion of 
the theorem, We have to show, then, that we may change the order 
of integration. Now, for 0< X, Y < +o, 


Jaf he pola s(u)uB et au} dt 


= f e—npma fatuuter au} dt+ 


> ¥ 
de (t—r-=-4{ f s(u)jubeu du} dt+- 


+ | (t—rp-2-4{ 3(u)uBbe-e au| dt 
T Y 
=/)4+1L4+, say. 
We have lim J, = 0. 
Xt@ 
By (3.4) and Lemma 3.1, 


x (- 
— __.»)f-a-1 uBe-tu 
I, je Tr) i! 8(u)uPe du| dt 


= olf (tn Patera (as Y + co) 


= O{Y-6-me-4F} (as Y + 0). 
Therefore lim J, = 0, 
Ytoa 
x ¥ 
and J= lim (t— 1-2-4 f 3(u)ube—u au| dt. (3.5) 
Xto,Ft+o 4 4 


By Hobson’s generalization of Fubini’s theorem [(6) 631] we may in- 
vert the order of integration on the right of (3.4), so that 


Y (7 
=_ j } __)B-a-1p—tu 
J x lim J a(u)u¥) J (t—1)B-a-1e a du. (3.6) 


It is easy to see, by the second mean-value theorem for integrals, that 
as X t 00 x 


| (t—2)P-2-te-™ dt > f trate at, 





5a a i a cd 


(aia weet eke tk Se 


Si ha noah 





Db LEE ERIK CO 


~ Rid IR ite arr RE AONE we SUN Lag Ora Oot Adare Nhs Onis 


Wied 


5 
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uniformly in u(0 le Cu < Y <<). So that, since s(u) is bounded in 
0a eae, 


Y « 
an f —-)B-a- u 
J de | toi (t—7r)P-*-le-tu dt\ du 


and, by Lemma 3.1, 


y 
= I'(B—a) lim | s(ujure-™ du 
Ytoa Fs 


= I'(B—«) [ stuyure- du 
0 


for allt > 0. This proves the first assertion of the theorem. It is easy 
to see that the left-hand side of (3.1) is a regular transformation of 
L®(r) into L™(r), a fact which completes the proof of the theorem. 


4. The M(a«, 8) transformations 
By f f(x) dx we mean lim f f(x) dx whenever the last limit exists. 
€10 © 


0+ 
Define the function y,(x), for a > 1, by 


ay (9 O<2<e), 
xa 11 (at <2 <1). 


For any two real numbers a and § satisfying 8 > «a > 1 and for any 
function s(x) bounded and L-integrable in every finite interval of x > 0 
we call the function Mx) defined by 


1 
a(x) — Xa(t)— xplt) 
M(x) = | 3(xt) (log /a)t dt (x >0), 


the ‘M(a, 8) transform of s(x)’. The M(a, 8) transformation is a Haus- 
dorff transformation. It is easy to prove the theorems: 


THEOREM 4.1. For B >a >landzx >0, 


zim 


8(u) 


— 3 (log B/x)u m 


THEOREM 4.2. ForB >a>landy>x>90, 
u 


M@Py)— M(x) = | 8(t/a)—a(¢/B) dt. 


(log B/«)t 
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If, in addition, s(0+-) exists, then, for x > 0, 


a s(t/a)—s(t/B) 4», 
MoP(zx) wor | Taso 
The M(a,8) transforms appear in a proof by Hardy and Littlewood 
of R. Schmidt’s tauberian theorem [see (4) 164-5]. 
Two interesting properties of Frullani integrals which we shall use 
later are given in the following propositions due to R. P. Agnew. [For 
the first see (2) Theorem 4, and for the second (1) Theorem 6.2.] 


Tueorem A. Let f(t) be Lebesgue integrable over each finite interval of 
x > 0. If the Frullani integral on the left of 


T flat)—fet) , _ [1 f cae 
i) e100 afin f fo) mies J fe) a (4.1) 
+ + 


exists for each X = log(a/b) in a set of positive measure, then the mean 
values on the right exist and (4.1) holds for each pair of positive numbers 
a and b. On the other hand, if the mean values on the right of (4.1) exist, the 
left-hand member exists and the formula holds for each pair of positive 
numbers a and b. 


THEOREM B. Let f(t) be Lebesgue integrable over each finite interval of 


z>0o0. If 
mf ra 


in 


exists for some X > 0, then 
i 1 [tan 
zteologr J wu 
i 


ists and == Ken 2 | Lt 
ene st J cine lima | u 
1 





5. Some tauberian theorems 
We need 


THEOREM 5.1. Suppose that 


(i) s(x) ts a function bounded and L-integrable in every finite interval 
of x >0; 


(ii) for some X > 1, M > 0, and a finite c, 
lim inf _ inf ty) —Ma(z)} > —Cc; 


zo 


(iii) d(u) > 0 is defined fe L-integrable’ in every finite interval of u > 0; 


See ee 
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u 
(iv) O(u) = J $e) dv>+c asu>-+o; 


@(5x) _ 5 
(v) . peek D(x)’ 


zx 


(vi) r(x) = {O(x)}- J 8(u)d(u)du>s asx—>oo., 


Then Ms—ce < lim a capt < ae. (5.1) 
If, in addition, (M—1)s = c¢, , thes 
lim s(x) = 8. 
r@ 
Inequalities (5.1) are best-possible. 
Proof. For all y > x > 0 we have 


P(x) al = 
Oe sl (y)—7(x)] 


vy 
l 
~ Oy) —O(@) J {s(t)—Ms(x)}d(t) dt, (5.2) 


Ms(x) = WY) +3q)—o@) 


(zx) 
O(y)—O(z) 


y¥ 
l 1 ' 
+ Uf Oy) —oe) J {s(y)—Ms(t)}d(t) dt. (5.2’) 


M-s(y) = r(y) + [7(y)—7(x)]+ 


For some « > 0 choose 2,(e) > 0 and 8,(e) (1 < 8,(e) < A), so that, for 
ally >z>2,and1<8 <8,, 





(dz) 
Bar| <%  rW)—re) << 
and inf {s(u)—Mas(x)} > —(c+e). 
z<u<dAz 


Choose y = 82 in (5.2). Then, for y > xz > 2,(e) and 1 < 8 < 8,(e), 
Ma(2) = x(8x)+-(O2)_ 1)" fo(62)—r(e)}— 


O(z) 
—{0(82)—O(2)} j {s(t)—Ma(x)}g(t) dt 


< 7(8z)-+-Ve+e+e. 
Hence M lim sups(z) < s+c+e+ve. 


The last inequality is valid for each « > 0; therefore 
li ca 
—e 8(x) U 
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oe LO OT 
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Similarly we obtain from (5.2’) 
lim inf s(x) > Ms—c. 


za 


If (M—1)s = c, then Ms—c = M-(s+-c), and we obtain lim s(x) = s, 


Choose a sequence {z,} (k = 0, 1, 2,...) in such a way that 
min(z,2%+1) 


im 2+ t= 0. 
lim “#1 = +00 and lim 55 >, J $(t) d 


By (v) and (iv), this is possible. Now define 4(x) by 


—a for some a > 0 (X44, < © < 14-%oy4,), 


1 (Xp [% << %y,+1), 
Kz) = | 
0 (for all othér values of z). 


We have then , 1 r ‘a 
= | = 0 
lim gc | sw)6(v) dy = 0, 
0 


lim sup &(x) = 1, lim inf s(x) = —a 


Fe ak) 


and, for any fixed A > 1 and M > 0, 
lim it io inf Ow) Mi(x)} > —max(M,a) = —c, 
s+e i saa in 
M rs. 
If we choose M >a, then (s+c)M-! = limsup4(r). If we choose 
M <a, then Ms—c = lim inf &(z). In seshbinlen, for M =a, 


Ms—c = —max(M,a). 


M 


We may remark here that, if condition (1.2) is satisfied by a function 
a(x), then for each c’ > c we can find a number 2’ = A‘(c’) > 1 such 


that (1.1) is satisfied for X=’ and c= c’. We also see that the 
condition 


Ms—c = liminf &(z), oe lim sup 4(z). 
M rae ah? 8) zDD 


Ms—c < lim a(z) << —— 
sup 
is equivalent to the condition 


Me—c' < lim ™ se’ 
wha ieg < lim fap s(@) < M 





for each c’ > c. Therefore the conclusion of Theorem 5.1 remains valid 


if condition (ii) is replaced by (1.2). The same remark applies to all 
the other tauberian theorems in this section. 
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We may remark here too that (1.2) with M=1 and c=0 is 
R. Schmidt’s tauberian condition and in this case we always have 
(M—l)s = c 
Definition. Suppose that the function s(x) satisfies 


s(x) = 8(0)+ | fit)dt («> 0), (5.3) 
0 


where f(x) is bounded and L-integrable in each finite interval of x > 0 
For each number a > —1 and for all z > 0, o(x) is defined by 


ox) = s(0)+-2-% J (a—t)*f(t) dt. 


It is easy to see that the new definition of o™(x) coincides with the 
previous one for a > 0. 

Convention. In order to avoid stating many propositions twice we 
make the convention that, if a Cesaro transform of an order between 
—1 and 0 appears in the statement of a theorem, then for this case 
we should add supposition (5.3) to the suppositions of the theorem. 

If in Theorem 4.1 we choose ¢(¢) = t* for a > —1 and replace s(z) 
by o™(x), we obtain 

THEOREM 5.2. Suppose that, for some « > —1, 

lim o@+)(x) = 8. 
r+ @ 


If liminf inf (oy) — MMNz)} > (5.4) 
mo xr<y<Ar 


for some X> 1, M > 0, and hig c "ig 


Ms—c < lim’ nf vax) < ess. (5.5) 
zo Sup M 
and s(x) is summable (C, «+e) for each e > 0. If, in addition, (M—1)s = ¢ 
then lim o™(x) = 8. Inequalities (5.5) are best-possible. 


The case a = 0 of the last theorem is a generalization of Theorem C 
of (3) by R. C. Buck, and therefore [see (3)] of some tauberian theorems 
for quasimonotone and monotone sequences. 

We need the lemma: 

Lemma 5.1. Suppose that s(x) satisfies (ii) of Theorem 5.1. Let x(x) 
be a non-decreasing function in 0 < x < 1, satisfying 


x(0) = x(0+)= 90, = x(I)=1. 
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1 


If r(x) = | s(at)dx(t) (x > 0), 
0 
then liminf inf {r(y)—Mr(x)} > —c. 
gro z<ysdr 


The special case x(x) = 1—(1—z)* (a > 0), M = 1, of Lemma 5.1 
was given by C. T. Rajagopal [see (10) Lemma 1]. The proof of Lemma 
5.1 is exactly the same as that of its special case. 

From Theorem 4.2, Theorem 4.4, and Lemma 4.1 we obtain imme- 
diately the theore~ 


THEOREM 5.3. // s(x) is summable Cesdro to s (that is, for some 
B > —1, lim or) = 8) and (5.4) is satisfied for some « > —1, then 
(5.5) is satisfied, and a(x) is summable (C, a+) tos for each e > 0. If, in 
addition, (M—1)s = ¢ ihen lim o™(x) = s. 

za 


I now state one of the main results of this paper. 

THEOREM 5.4. Suppose s(x) summable (L,«) to s for some « > —1. 
If condition (ii) of Theorem 5.1 is satisfied, then (5.1) is satisfied and s(x) 
is summable (C,«) to s for each e > 0. If, in addition, (M—1)s = c, then 
lim s(x) = s. 


If for a sequence {s,,} we define s(x) by s(x) = 8, forn<2< n+l, 
we obtain from Theorem 5.4 the theorem: 
THEoreEM 5.5. If a sequence {s,,} is Abel-summable to s: that is, 


lim (1—2) s 8,2" =8 
ztl n=0 
and, for some A > 1, M > 0, and finite c, 


liminf min (8,,—Ms,) >—c, 
no n<m<hm | ¢ 4 
the Ms—c < lim” ll 
n 8—c bene < U (5.6) 
and {s,,} is summable (C, €) tos for eache > 0. If, in addition, (M—1)s =c, 
then lim 8s, = 8. Inequalities (5.6) are best-possible. 


no 


We need the following theorem: 


THEOREM H. Jf, for some fixed a > —1, s(x) is summable (L,«) to s 
and s(x) = O,(1), as x > 00, then lim o(x) = s. 


Theorem H is an immediate consequence of Lemma 2 of (9) and 
Theorem 1 of (5) of Hardy and Littlewood with f(t) replaced by ¢%s(t) 
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and « replaced by a+1 in its statement. Theorem | was first stated 
and attributed to Hardy and Littlewood by Titchmarsh in (15) and 
later stated by Hardy and Littlewood in (5); but they did not publish 
the details of its proof since this result was substantially superseded 
by R. Schmidt’s then recently published results. For Theorem 1 see 
also Theorem HL of (9), 

Proof of Theorem 5.4. For M = 1 it was proved by T. Vijayaraghavan 
{see (16)| that s(x) is bounded. The rest of the proof of this case follows 
now from Theorem H, Theorem 5.2, and Theorem 5.4. If 0 << M < 1, 
then for a fixed x > 0 and for all ¢ satisfying 

AR-lzg <t<dA*x (k = 1,2....), 
s(t)— M* s(x) > —(1+-M+...4+- Mc. 
Accordingly lim inf s(t) > —(1—M)“c¢ > —o. 


t-—-@ 
Thus s(x) is bounded on one side, and the rest of the proof of this case is 
the same as that for M = 1. If M > 1, I shall show that we cannot have 
lim sup s(x) = +00. Suppose that there is a sequence {x,} ascending to 


I 


infinity such that lim s(x,,) = +00. We can choose z,, so large that 


Ms(x,,)—(1—M-)-'e > 0. 
Then, for all values of u satisfying A*-z, <u < A¥x, (k = 1,2.,...), 
s(u)—M*s(a,) > —(M*—1)(M—1)-*c. 
It follows that 
s(u) > M¥- Ma(x,)—(1— M-*)(1— MM) Ye, 


and so lim inf s(u) = +00. 


u—> @ 


Therefore s(x) 4-00 (L,«), which is a contradiction. Thus 
lim sup s(7) < +00 


and the rest of the proof is the same as that of the case M = 1. 


THEorREM 5.6. Suppose s(x) summable (L,«) to s for some a > —1. 
If for some 8B > —1, M > 0,A > land a finite c, 
liminf inf {o®(y)—Mo®(x)} > —e, 
zo x<ysdr 


then Ms—c < lim inf a(x) < 
sup 


re @ 


s+e 
“s, 


M 


and s(x) is summable (C,B+-¢) to s for each e>0. If, in addition, 
(M—1)s = c, then s(x) is summable (C, B) to s. 


3695.2.9 K 
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6. An additional tauberian theorem 
The main result of this section is the theorem: 


THEOREM 6.1. Suppose s(x) summable (L,«) to s for some « > —1. 
If s(x) satisfies (1.3), then 
1 F s(u) 4 
— au = 8 


im — 


6.1 
p-wloga u ~_ 
i 


If, in addition, s(x) satisfies (1.4) then 
lim = | s(u) du = 8. ‘ (6.2) 
0 


We need the following proposition: 


THEOREM 6.2. Suppose s(x) summable (L,«) to s for some « > —1. 
If s(x) satisfies (5.3) and xf(x) = O,(1) as 2-00, then lim a(x) = s. 


If, in addition, xf (x) = O(1), as x > a0, then s(x) is summable (C, —1+e) 
to s for each « > 0. 


In the proof of Theorem 6.2 we use the lemma: 


Lemma 6.1. Suppose that ~ )\)} <A<+0 forxr>xa,>0. Let 
$(x) be L-integrable in 0 <a <1. If t(x) is defined by 


1 


t(x) = | s(at)d(t) dt, for x > 0, 
0 
then lim limsup sup |t(y)—t(x)| = 0. 
Ajl teow ax<ysdAz 
Lemma 6.1 is a Special case of a result proved in an equivalent form 
in (4) § 12.6, 293. ; 
Proof of Theorem 6.2. If tf(t) = O,(1), as t > 00, then 
lim lim inf inf sy) —s(a)} > (6.3) 


Ajl 2a 


which, by Theorem 5.6, shows iis lim s(2) = s. Now, for a > —1, 
ro 


1 
a(2) —oim(a) = | (cet) f(aty C—O ap (6.4) 
0 


From (6.4), Lemma 6.1, and the fact t{(t) = O(1) as t > 00, we obtain 
lim limsup sup |{s(y)—o%y)}—{e(a)—o'%x)}| = 0. (6.5) 


ah] 





: 
: 
; 
: 
: 
; 
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From (6.5) and (6.3) we obtain, for each a > —1, 
lim limsup sup |o™(y)—o™(x)| = 0. (6.6) 
Ajl wo az<y<rk 


Then (6.6) and Theorem 5.6 yield the required second conclusion, 


Proof of Theorem 6.1. We may suppose that s(x) = 0 for0 <r < 1. 
Now, by Theorem 2.1, the M(1,A) transform of s(x) is summable (L, «) 
to s. By (1.3), Theorem 4.2, and Theorem 6.2, s(x) is summable M(1, A) 
to s. Therefore (6.1) follows by Theorem 4.2 and Theorem B. 
Similarly we deduce (6.2) from (1.4) by the previous argument and 
Theorem A. 
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A FUNCTION-THEORETIC SOLUTION OF 
CERTAIN INTEGRAL EQUATIONS (1) 


By A. E. HEINS and R, C. MacCAMY (Pittsburgh) 
[Received 27 May 1957] 


THE solution of a great variety of boundary problems for elliptic partial 
differential equations in two variables can be reduced to the solution of 
one-dimensional integral equations with kernels of logarithmic or Cauchy 
type. Many of these equations can be solved with the aid of the Fourier- 
transform theorem in the complex domain by using the method of Wiener 
and Hopf. There exists, however, an entirely different approach to such 
integral equations which seems to have been little exploited and will 
serve as a subject of this paper. The kernels mentioned are either funda- 
mental solutions of the associated differential equations or derivatives 
of such solutions. As such, they are analytic functions of their arguments 
with isolated singularities. It is suggested, therefore, that, ifthe boundary 
data are analytic, one might transform the associated integral equations 
into functional equations between analytic functions. Certain two- 
dimensional potential problems were solved in this manner by Carleman 
(1) and (2) and our method is an extension of his. In this paper we study 
one type of integral equation to which the method is applicable, and it is 
intended that other types shall be discussed in the future. 
We shall study here integral equations of the form 


[ K@—€ fe) dé = glx) (x > 0), (1) 


where g(x) is given and f(x) is sought. The kernel K is of the form 

K(w) = P(w) logw+ Q(w), (2) 
where P(w) and Q(w) are entire functions of w?, and log w denotes that 
branch of the logarithm which is real when argw = 0. Let us suppose 
that the function g(x) in (1) can be continued to an analytic function g(z) 
by replacing x by z = x+iy. In view of the analytic character of K(w), 
one would expect that f(x) could be similarly continued to an analytic 
function f(z), and we shall discuss this possibility. 


Consider the function F(z), defined for —27 < argz <0 by the 
integral 


F(z) = | K(é—2)f(@)dé (arg = 0), (3) 
0 


Quart. J. Math. Oxford (2), 9 (1958), 132-43. 
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where f(£) is a solution of (1). F(z) is clearly analytic in the open sector 
—2n < argz < 0 and is continuous in the closed sector 


—2n7 < argz < 0. 


Moreover, F(z) can be continued to an analytic function on a Riemann 
surface with a logarithmic branch-point at the origin as we shall show. 
To this end, let z~ denote the image point of z on such a surface: that is, 
z~ = zexp(—2z7?). Then (1) can be converted into a functional relation 
which connects F(z) and F(z~), and this provides the continuation men- 
tioned above. For argz = 0, F(z) is the limit of the integral in (3) as 
y > 0-, while F(z) is the limit of the same integral as y > 0+. In view 
of the presence of the logarithmic term in K(w), these limits are not 
equal. In fact, for argz = 0, we have 


F(z-)+F(z) = 2 [ KUi€—zl]f(€) dé = 29(2), (4) 


F(e-)—F(e) = —2ni | P(—2)f(é) dé. (5) 
0 


Since g(z) is analytic, (4) is the relation we desire and permits F(z) to 
be continued to all sheets of the Riemann surface. This equation now 
holds for all z 4 0 on this surface. F(z), by construction, is analytic in 
—2n < argz < 0 whatever the choice of g(z). Suppose now that g(z) 
has isolated singularities at z,,...._ Then from (4) it follows that F(z) has 
singularities at all of the image points of z,,... (but not at z,,...), and 
these together with z = 0 and z = 00, are the only possible singularities 
of F(z). 

Equation (4) plus a knowledge of F(z) as |z| > 00 is sufficient to deter- 
mine F(z) explicitly. The estimate of F(z) for large z makes use of the 
behaviour of the kernel K(w) near w = 00. Observe that, for any real 
positive £, |§<—z|>0oo with —a < arg(fé—z) < +7 as |z|-0o in 
—2n < argz < 0. Thus, if K(w) ~ A(w) as |w| > 00 (—a7 <argw< +7), 
we have 


F(z) ~ [ A(é—2)f(€) dé as |2| > 00 (—2n < argz <0). 
; 


This relation should lead one to an asymptotic estimate for F(z), which 
then needs verification after a solution is obtained. It will be observed 
that the estimate for F(z) is the only non-routine step in our procedure. 
Suppose that we succeed in finding an entire’ function ¥(z) such that 








i 
| 
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(z) F(z) is bounded in the closed sector —27 < argz < 0. Then we 
rewrite (4) as 

{F (2~)y(2-)/N2-}—{F (z)(z)/ V2} = —2g(z)yp(z)/v2. (6) 
We shall now derive one solution of this equation. Consider the function 
¢(z) defined for —27 < argz < 0 by the integral 


_ 1 fF githdit) be 
¢(z) = = | aa (argt = 0). 
0 


The function ¢(z) is continuous in —2a7 < argz < 0 and analytic in 
—2n < argz < 0. Furthermore, when argz = 0 and — 27, ¢(z) has the 
respective limit values ¢(z) and ¢(z~) satisfying 
$(2-)—$(z) = —2g(z)p(z)/vz. (7) 
Equation (7) again provides the continuation of ¢(z) to a logarithmic 
Riemann surface on which the equation holds for all z other than zero. 
If g(z) has isolated singularities at z,,..., it is again true that ¢(z)vz/¢(z) 
has singularities only at image points of z,,..., at z = 0 and at z = ©. 
Observe, moreover, that the singularities at image points of z,,..., are 
precisely the same as the corresponding ones for F(z). We have thus 
shown that the difference 
F(z)p(z)/vz—4(2) (8) 
is a single-valued analytic function in 0 < |z| < oo whatever the singu- 
larities of g(z). If g(t)/(t)/vt is integrable in [0,00], then ¢(z) > 0 as 
|z| > 00 in —2z < argz < 0.+ Our original choice of ¥(z) is such that 
the same is true of F(z)/(z)/vz hence the difference (8) vanishes as 
|z| > oo. If g(t) is continuous at t = 0, then, from (2), 
$(z) = O(1/vz) asz>0 (—2m < argz < 0). 
Further, F(z) is continuous at z = 0, and hence 
F(z)p(z)/vz = O(1/vz) asz+0 (—2m < argz < 0). 
The difference (8) is thus O(1/Vvz) at z = 0 and vanishes as |z| > ©. 
Hence, being single-valued, it is identically zero: that is, 
F(z) = $(z)vz/p(z). (9) 
If we use (7) and (9) to determine the left-hand member of (5), we 
arrive at the Volterra integral equation, 


mi | P(E—2)f(€) dé = $(z)v2/(z)—g(2). (10) 
0 


t We shall subsequently verify this fact in a special case which will illustrate 
the general method of verification. 
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A formal solution of (10) is easily obtained with the aid of the Laplace 
transform. 

In order to illustrate the details of the method we shall derive a solution 
of the integral equation governing the diffraction of a plane sound wave 
by a semi-infinite rigid screen [the Sommerfeld half-plane problem (3)]. 
The appropriate integral equation is 


[ APki2—€\1/@) dé = expliax) (x > 0), (11) 
0 


where k and a are real numbers and —k < «a < k; (11) is of the form of 
(1) since HY (w) = 2in— J(w) log w+ Q(w), 
where Q(w) is a power series in w* and J,(w) is the regular Bessel function 
of order zero. 
We first repeat the formal arguments above. For large |w| and 

—n <argw < +7, H{(w) possesses the asymptotic development 

HP(w) ~ {exp(iw)/vw}{A+O(w-)} (A a constant). 
If this estimate be substituted into the integral (3) defining F(z), we 
find, formally, 

F(z) ~ Bexp(—ikz), lz} > 0co (Ba constant) 
for —27 < argz <0. The suggested choice of function ¥(z) is thus 
exp(ikz), and we are led to 

F(z) = v2d(z)exp(—ikz), 


@ 


where ${z) = | et at 


The Volterra integral equation (5) thus becomes 


Zz 


[ Afelé—z2h fe) dé = —}y1be-)+-4(@)] exp(—ikz) 
0 
a vzexp(—tkz) expli(k+a)t] 4 (2>0), (12) 
2m (t—z)vé 
0 





where the integral is intended as the Cauchy principal value. 
In order to solve (12) we make a preliminary computation. Set 
B = (k+«) and consider the function 


i 9] 


_ ff explift), f° 2exp(iput) 
(p,2) = § eer a= =P dn. 
0 


ee bee 
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Differentiating} with respect to 8 we find 


u*—z 


G'(B,z) = 2i ¢ wexp(*Pu*) ay — 2 | exp(iBu’) du +iz@ 
0 0 
= —i+i) [F420 
When f = 0, it is readily verified that G(8,z) = 0. Hence 


B . 
G(B,z) = i(1+4) | gplexPteB | =m) ie 
0 


We now apply the Laplace transform to (12). Writing L(s) for the 
transform of f(z), we have 
L(s) 1 7 , F 
Tera == | vzexp(—sz—ikz) G(B, z) dz 
0 


1 





B 2 
} d , 
dn) | — | vzexp{—sz+i(a—o)z}dz, (13) 
0 0 
assuming the interchanges in integration are justified. Now, under the 
substitution z = u?, the infinite integral in (13) becomes 


2 | u* exp[u?(—s+ta—io)] du. 
0 


Hence, using the identity 

| u® exp(—au?) du = —- | exp(—au*) du 
Co 
0 


0 
= —p a | exp(—7) dr = 


Vr 
4ai’ 











equation (13) becomes : 
[{s) _ (+4) * do me i,/(a+-k) 
J(k2+s8?) 42 o(s—iatio}#  2(a+is),/(k—is)’ 
0 
ie. L(e) = Mlo+bk+t)} 
2(a+ts) 


+ The formal step of differentiation is easily justified by first shifting the path 
of integration. See, for example, (4) 86. 














— 
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The solution of (13) is then given by os inverse Laplace transform of L(s), 


fle) = vote { “LE expe) d (14) 


. . o~ ico 
for any positive c. 


The function f(z) defined by (14) agrees with the known solution (4) 
obtained by Wiener—Hopf methods. We shall, however, carry out the 
verification that f(z) actually solves the original integral equation (11). 
This verification proceeds as follows. We show first that f(z) is a solution 
of (11). Next we form the integral 


F(z) = | HP{kE—2} SE) dg (—2 < argz < 0) 
0 


and observe that relation (5), that is 
Zz 


z-)—F(z) = —4 | Afk(E—a)}f(€) dé onarge=0 (15) 
6 
still holds, assuming f(&) sufficiently well-behaved at oo. Then a com- 
parison of (15) and (12) shows that 

F(2-)—F(z) = —vzexp(—ikz){d(z+4(2)} (arge = 0). (16) 
Since ¢4(z) is analytic on the logarithmic Riemann surface, (16) yields 
the analytic continuation of F(z), and the equation continues to hold 

for all z 4 0. Equation (16), however, implies that the difference, 
#12) explikz)—$(2), 


is single-valued and analytic in the entire z-plane with the possible 
exception of z = 0 and z = 0. We shall show that this difference is 
O(z-*) near z = 0 and tends to 0 as z > 0, from which follows, as in the 


en Say, F(z) = vzexp(—ikz) (2). (17) 
Observe next that the first equality of (4), that is 


F(z-)+ F(z) = 2 [ HP(k\g—z))f€) dé (argz = 0) 
0 
still holds. Hence, by (17), 
2 [| HP(kig—z2)) fg) dg = —veexp(—ike){$(e-)—$(2) 
) 


and, by (7), $(2-)—(z) = —2expf{i(a+k)z}/vz. 
Hence the verification will be complete. We proceed now to the details. 








| 
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Lemma 1, f(z) as defined by (14) satisfies (12). 


Proof. The transforms L(s) and 1/,/(k®+-8?) of f(z) and J)(kz) respec- 
tively exist in res > 0, and their product is the transform of the con- 
volution 


{ Jeez yf) de 


in this same region. By construction L(s)/,/(k*+-s?) is the transform of 
the right-hand member of (12), which also exists in res > 0. Hence 
left-hand and right-hand members of (12) are equal. 


Lema 2. f(z) as defined by (14) can be continued to an analytic function 
of z on a logarithmic Riemann surface. 
Proof. We observe first that f(z), being asolution of (12), can be put in 


another form. Let A(z) denote the right-hand member of (12) and H(s) 
its transform. Then 


L(s) = J(k®+8*)H(s) = (k*+8*)H(s)/,/(k?+-8?). 


As already remarked, if g(t) is continuous at t = 0,¢(z) = O(z-*) as 
z->0. Hence, the function h(z) is bounded for z > 0, and accordingly 
H(s) = O(s-*) (\8| > 0, res > 0). We rewrite the transform equation 
in the form 

H(8) 


Ls) _ W+8*) 775) 
ee wih on 8,/(k?-+-8?)" 


8 


(k*+-8*) 


The inverse Laplace transform of H(s)/s is 
[ mg) dé = Ae), 
0 
and hence the last equation may be written 
2 g 2 € 
| 1645 =(B+e) [ see—ep ag [mera as 
0 0 0 


since A(z) and its first derivative vanish as z-> 0. This relation holds 
initially on argz = 0. However, we have 


h(z) = —4vzexp(—ikz){$(z-)+¢4(z)}, (19) 


and, from the remarks made in conjunction with (7), it follows that A(z), 
when defined by the right-hand side of (19), is analytic on the logarithmic 
Riemann surface [the function g(z) = exp(iaz) has no singularities except 
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at co]. The right-hand member of (18) then provides a continuation of 
f(z) as stated. 

Remark. It should be observed that the argument given in Lemma 2 
could be applied to an arbitrary analytic function g(z). If g(z) has 
isolated singularities at z,,..., then, as we have seen, h(z), which is still 
given by (19), has singularities at z = 0, z = 00, z = 2,,..., and at all 
image points of z,,.... The same would be true of f(z) by (18). For 
example, in the diffraction of a half-plane by a line source, the function 
g(x) will possess at least a logarithmic singularity. 


Lemma 3. For small positive ¢, the function f(z) defined by (14) satisfies 
f(z)—cexp(iaz) = Ofexp(ikz)/z} 
as |z| > 00 in 0 < argz < e, for some constant c. 


Proof. For the sector stated the path of integration for f(z) can be 
deformed into the path P indicated in the figure if one takes account of 


the pole at s = ta. 


Is 
Ih" 
dik 


ia 

















Thus _ f(z) = eyexp(iaz)-+ V E+") J VO=expler) 


= ¢, exp(taz)+¢, foxt vla—*) Dexplinz) dy 


a 


= cyexpliae)+cgexp(ite) [ SE7PON! 
0 








| 
i 
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We have 


7 Vuexp(iuz) 7 aa { wexp(iuez) 7 
| ut(k—a) u?+(k—«) 


- Wie 
-2{ exp(tu*z) du—2k—a) [ Se én. 
0 





u®+(k—a) 
0 
Furthermore, 
af exp(iu*z) a , bs ae | _exp(iu*z) 
z | ea a ety = 2% | exp(tu®z) du —2i(k—a) w+(k—a) 
0 0 0 
Now, 2 | exp(iu®z) du = “3 ; 
0 
and hence 
, exp(tu*z) 
j + (ba) 
0 


= ic, exp{i(a—k)z} | ome dé +c, exp{i(a—k))z}. 
ny 


Next we have 


* expfi(k—a)é} fe > expfi(k—a)é} aa: * expfi(k—a)é} , 
| poe | oe J i 


and successive integration by parts yields 


@ 


| a = exp{i(k—a)z}(Agz#+A,z4+...) (k Aa). 


Thus, we find 
f(z) ~ ¢, exp(iaz) +c, exp(ikz)[c, z+ —2(k—a)c, expf{i(a—k)z}+ 


+Ay2-1+A,27!+...], 
which is the conclusion of the lemma. 


Lemma 4. The function 


@ 


uM exp{i(k+a)t} 
= | me 


satisfies $(z) = O(z-4) as |z| +00 in —2n < argz < +e for small 
positive e«. 




















TRARY SET T 
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Proof. Consider first the sector —27+« < argz < —e for small 
positive «. We have then 
jz—t| > |t| tane, \jz—t| > |z|sine 
for argt = 0. We write 








for any positive H. Clearly f = O(2-!) as |z| > 00. On the other hand, 
0 
* explilk-talt? ..| | | 
expii(k+a)t} dt| < ! — | . [ id sonal 
J (z—t) vt | |(k+a)(z—H)vH| ° (k+a) J |dt\(z—t)vt/! 
H Beas H 
on integration by parts. But 
[oe fe < ad eee l 
dt (z—t)vt| ~ 2¢#|z—t) T fetjz—t}? 
1 1 < a 
~ |z/ |t\fsine § |z| |\t/isinetame ~ {2| ||! 


for some constant K. Hence [ = O(z-1). Thus ¢(z) = O(z-*) in 
H 
—2n+e < argz < —e. 

Next observe that the path of integration defining ¢(z) can be shifted 
into the upper half-plane so as to be along argt 4 0 (> 0) since 

rei(k+a)jt <0 
in this region. The same argument as above can again be applied and 
we find ¢(z) = O(z—) in —2n—e < argz < +e for small «. To com- 
plete the estimate for —27 < argz we use 


exp{i(k+-a)z 
H(e-)— ple) = SPE 0) 
We obtain 4(z) in —27 < argz < —2a+e by computing ¢(z) for z in 
0 < argz < +e. Thus 
$(z) < z+ O(z-1) in —2x < argz < —7+¢, 


and the lemma is proved. 
The last remaining step is the verification that, if F(z) is defined by 


F(z) = [ HP{k(E—2)}f@) dé (—2m < argz < 0), 
0 


F(z-)— F(z) = —vzexp(ike){p(2-)+-4(2)}, (20) 








4 
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then 
exp(ikz) F(z) is bounded as |z| > 00 in —27 < argz < 0. 


The proof closely parallels that of Lemma 4. Consider again the sector 

—2a+e < argz < —e fore > 0. As we have observed before, 
|\§—z|>0o with —m < arg(fé—z)< +7 

as |z| > oo in this sector. The corresponding asymptotic estimate for 

HH} yields 





Hy {k(€—z)} — ae z)} = 0] Se), 
Thus 
F(z)—A exp(—ikz) / uy dé 
= exp(ikz) | K(g—z)exp(iké) f(é) dé, 
0 
where \K(é—2)| < “on 


for some constant M. By Lemma 3 we have | f(£)| bounded for arg £ = 0; 
hence, 





{x6 K(é z)exp(tk€) f(£) a < mM’ fat ié— at ‘J an 


@ 
M” M' r 
S Git btantetante | et 
\z| \z|* sinte tante \€| 

1 


: 


= O(z-*), 
Next we have, by Lemma 3, 
i expltke) ff) ae _ of see dé+ j Caaf dé, 























V(é—2) (=z) “MEE—2)} 
where n(£) is bounded as |£| > 00. But integration by parts yields 
expfilk+a)é} 4p 1 ie fae 
' i ~ 2) |< S Gaye ae Fa) J a = OF? 
as above, and 
n(é)exp(ike) 4|_— |_ (0) lL f ali. 
| f “gE—2)} ie < aro tera | dee €—9 |" 
d n 1 dn d 1 
N ho Re Fa Oa! 
ged igre) (E—ave dg + ae\(E—2yve 
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Since n(£) is bounded as |£| — 00 and is analytic when 
n = {f—cexp(iaz)}vzexp(—ikz), 
we have dn(£)/d&é = O(€-), while 








d 1 l 1 M 
azar) |< S oe—21 * Gane S Aa’ 


n(E)exp(ikE) ». vy 
as before. Thus j ena f= Oe 
and F(z) = O(z-*) and is certainly bounded as |z| > 0. 

From Lemma 3 we see again that the path of integration defining F(z) 
can be swung into the upper half-plane and the argument can be repeated 
to show that F(z) is bounded in —27+e < argz < +e. Finally, we use 
(20) to complete the estimate for —27 < argz. For 


—2n < argz < —2r+e 


we find F(z) by computing F(z-) for 0 < argz < +e. By Lemma 4 the 
right-hand member of (20) is bounded for 0 < argz < +e and as above 
F(z) is bounded there. Consequently F(z) is bounded in 


—2n7 < argz < —27+e. 


[The work of this paper was sponsored by the Office of Ordnance Research, U.S. 
Army, and the U.S. Air Force Office of Scientific Research.] 
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METRIZATION OF A SET WHICH IS MAPPED 
INTO ITSELF 


By J. DE GROOT and H. DE VRIES (Amsterdam) 


[Received 14 June 1957] 


1. Summary 

D. Ellis (1) raised the problem: given a set S and a mapping ¢ of S 
into itself, how can we construct a topology in S such that the topology is 
in general non-trivial and renders continuous ? 

Some contributions towards a solution were made by D. Ellis (1) and 
Mary Powderly and Hing Tong (2). They construct certain 7,-spaces, 
but, for example, do not even show that for every pair S, ¢, where S 
is infinite, one can always construct a non-trivial 7,-space satisfying the 
requirements. 

We shall first prove that the answer to the problem is in the affirma- 
tive even if we require S to become a metric space. 


TueoreM I. If S is an infinite set and dS c S, one can always intro- 
duce a non-discrete} metric in S under which ¢ is continuous. 


The following result is, perhaps, more interesting. 


THeoreM II. Jf S has at most continuously many elements and 
oS cS, then one can embed S into the discontinuum of Cantor (and so 
certainly into the unit segment) so that ¢ becomes continuous. 


THEOREM I’, II’. If ¢ is one-to-one (into or onto S), then the d in 
Theorems I and II can be made to be a topological map. 


Apart from these positive results, there are some negative ones. 
Example I shows that, in general, it is impossible to render (the infinite) 
S dense in itself so that 4 becomes continuous. Can the infinite S be 
made compact metric? Then it is necessary that S have either a 
countable number of elements or continuously many elements. Never- 
theless we shall show in Examples II and III that this is, even under 
this assumption, in general impossible. In our examples ¢ is even one- 
to-one. The reader may verify that it is not always possible to make S 
connected (and ¢ continuous). However, if ¢ is one-to-one ‘onto’, the 
following can be proved (3): 


If ¢ is one-to-one with ¢S = S, and S has continuously many 


t i.e. there is at least one accumulation point. 
Quart. J. Math. Oxford (2), 9 (1958), 144-8. 
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elements, then S can be made compact metric and ¢ topological for 
every ¢, if and only if the continuum hypothesis holds. 


2. Preliminaries and proof of Theorem I 
We consider the set S together with a mapping ¢ such that dS c S. 
By I'(2), the orbit of x, we shall denote the set 


U ia), 


¢°(x) denoting x. We shall call two points x, y equivalent if there exist 
non-negative integers m, n such that ¢"(x2) = ¢"(y). This is indeed an 
equivalence-relation as can easily be seen. The classes of equivalent 
points of S we shall call ramifications. A non-empty subset of S which 
consists of the orbit of any of its points is called a cycle. The order of 
a cycle is the number of its points. A ramification contains at most one 
cycle. 

Proof of Theorem I. (A) Suppose that there exists at least one infinite 
orbit ['(x). Then we give the points ¢*(x) distances to each other as if 
they were the points (cos 27k/t, sin 27k/t) in the euclidean plane, t being 
an irrational number, and make all other distances equal to 2. Then 
S is evidently metricized. Converging sequences can from a certain 
element onwards consist only of points of the described circle, which 
by the mapping ¢ only undergoes a rotation. Thus ¢ is continuous. 

(B) Every orbit is finite. We distinguish between the following two 
cases: 


(i) there exists at least one infinite ramification R, 

(ii) all ramifications are finite. 

(i) If there exists a point x in R such that 

o-(x) = {y| dy) = 2} 
is infinite, we get a non-trivial metric topology of S by introducing 
such a metric topology in ¢-(x) with distances smaller than 1 and 
making all other distances equal to 1. In this topology ¢ is continuous. 
If 4-(y) is finite for all y in R, we proceed as follows. Since every orbit 
of R is finite, there exists a point 2 in R and a minimal positive integer 
k such that ¢*(x) = 2. The points ¢"(x) form a cycle with order k. 
Let x be a point of the cycle such that there exists a point a, in S 
with ¢(a,) = x and a, not being an element of the cycle, while 
{y|3 n [d"(y) = ai} 
L 


3695,2.9 
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is infinite, which is possible considering our initial hypotheses. Using 
a well-known procedure we can select a sequence of distinct points 
a; (i = 1,2,...) such that ¢(a,;,,) = a, Now we introduce in RF the 
following distances: 
p(a,,4,2) = n-" (n = 1, 2.,...), 

p(Anp—» $'(z)) =n (n = 1,2,...;¢ = 1,2,...,k—1), 
and extend this metric linearly within the k sets {a,,_;},. All other 
distances in R and S we make 1. This metric renders ¢ continuous. 


(ii) There exist infinitely many finite ramifications. Each finite 
ramification contains one cycle. If infinitely many cycles C; (i = 1, 2,...) 
have the same order m, we can embed them in the euclidean plane by 
picking an element c,; € C; and ¢"(c;) giving the coordinates 





o"(c,;) = (1—i-rjeos and (1—é-¥)sin ==") 
m m 


(¢ == 3, 3....; & = I, 2,..., 9). 
Making all other distances 2 we get a metric as required. 

In the other case there exist cycles D, (i = 1, 2,...), the order of D, 
being m, (m, > 1), while m; << m,,,. Pick an element d; out of D, 
(« = 1,2,...). Let & be a non-negative integer smaller than m,. We 
embed the points 

¢*(d,), PPT ¥ (dons +k+i) (8 ”" 0, 1.005 ‘= 2, 3,..+) 
in a Hilbert space by ¢*(d,) identifying with the origin and 
¢°™** (dn. +k+i) giving the coordinates 
Ty = 8, 
Doing this for k = 0, 1,..., m,—1 in separate Hilbert spaces and making 
all other distances equal to 1 we get a metric which suffices. 


3. Proof of Theorem II 

By the Cantor set of a closed interval [a,6] we mean the set of points 
a < p < b such that in a triadic expansion of (b5—a)-"(p—a) the digital 
1 can be avoided. 

For every fixed k we shall embed the points belonging to ramifications 
which contain a cycle of order k in a Hilbert space H,. Pick out of 
every such cycle one point, and map the obtained set one-to-one in the 
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Cantor set of [4, 1] on the z,-axis. If wu is the z,-coordinate of a point 
p obtained in such a way, ¢(p) will be the point 
9 
ry = weos=™, s, = wane, x,=0 (t> 2). 


k 





We now proceed by induction, by using the induction hypothesis that 
the points p, with ¢'-*(p) in a cycle and ¢*-*(p) not in a cycle, are 
mapped in H, such that only their first ¢ coordinates are unequal to 
zero. If the point p = (py, po,..-, Pj, 0, 0,...) (¢ > 2) is already defined, 
we put the set d-"(p) in a one-to-one manner in H, such that for the 
coordinates of its points we have 


ln =P, (m <4), Ly =O (m>it+1) 


and x,;,, is a number of the Cartor set of [}(¢+1)-!, (¢+1)-*] (if i = 2 
we exclude the point already mapped). 

The acquired set in H, is zero-dimensional. Within H, the map ¢ is 
certainly continuous since converging sequences are either projected or 
rotated under ¢. 

The points belonging to the ramifications which do not contain a cycle 
are mapped in a Hilbert space H,, in the following way. Out of every 
such ramification we pick an orbit (which is necessarily infinite). The 
set of initial points of these orbits we map in the Cantor set of [4, 1] 
on the z,-axis of H,,. If u is the z,-coordinate of such a point p, ¢(p) 
will be the point 


9 


x, = ucos “J z= wsin 2, z,=0 (> 2), 





t being a certain irrational number. Now exactly the same procedure 
can be followed as with regard to the embedding in H,,. 

The diameters of the constructed sets in the various Hilbert spaces 
do not exceed a suitable positive number r. If two points belong to 
different Hilbert spaces, we give them the distance r. 

In such a way we have made S into a metric space which is the 
union of countably many separable zero-dimensional spaces, closed in 
their union. Accordingly S itself is separable and zero-dimensional and 
thus homeomorphic to a subset of the discontinuum of Cantor. 


4. Special cases: Examples 
If ¢ is one-to-one, only slight modifications in the metrization pro- 
cedures are necessary to make ¢ to be a topological map. 
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It is not always possible to make S metric and dense in itself so that 
¢ becomes continuous. This is shown by the following example. 


Example I. Let S be countable and ¢ be such that the ramification 
system of S consists of infinitely many cycles of order 1 and one cycle 
of order 2 (i.e. all elements of S are mapped on themselves, except one 
pair, the elements of which are interchanged). 

An element of the cycle of order 2 cannot be the accumulation point 
of an infinite number of points of S. 

If the potency of S is &, or &, it is not always possible to make S 
into a compactum, rendering ¢ continuous, as the following examples 
show. 

Example II. Let S be countably infinite and ¢ be one-to-one onto S, 
so that there is only one ramification (a strand). 

S cannot be made into a compactum: for ¢ would be a topological 
map, and, since at least one point would be an accumulation point, all 
points would be accumulation points, which is impossible in a countable 
compactum. 

Example III. Let the ramification system of S consist of con- 
tinuously many infinite disjoint orbits of certain points. 

S cannot be made to a compactum: for then 


wo 


M $*(S) 
k=0 
would be non-empty as the intersection of infinitely many non-empty 
compact sets, but as regards the given ramification system this inter- 
section is empty. 
Remark, All embeddings of S that we have actually constructed in 
this paper render ¢ not only continuous but even uniformly continuous. 
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A TOTALLY UNSTABLE DENUMERABLE 
MARKOV PROCESS 


By DAVID G. KENDALL (Ozford) 


[Received 25 June 1957] 


1. Introduction 
Let a temporally-homogeneous denumerable Markov process be 
specified as usual by the set {p,,(t): i, 7 € 8; t > 0} of transition proba- 
bilities, where S is a denumerable set and the following relations hold: 
piylt) > 0 ) 

> Pialt) =1 


Pij(ut+vr) = ¥ Pial™)Pas?) (1.1) 





lim Pij(t) — Pij(9) — 8; ) 
{+0 
From the work of Doob (2) and Kolmogorov (7) it is known that the 


limits 
dy = lim PaO — Sis (1.2) 
to t 
exist, and that they are finite except perhaps when i = j. When i = j, 
it is usual to write g; = —q,,; and to say that the state i is stable when 
q; < 0 and that it is instantaneous (or unstable) when g; = 0. [The 
terminology is that of Lévy (8).] At first intuition suggested that an 
instantaneous state must always be accompanied by an infinity of stable 
ones, but this is now known to be incorrect; DobruSin (1) (who refers to 
unpublished work by Yuskevié) and Feller and McKean (3) have inde- 
pendently shown that it is possible for all states to be instantaneous. 
Such a process might be called totally unstable. (It is to be noted that 
in passing to a probabilistic description in terms of the sample functions 
it will be necessary to add further ‘fictitious’ states, but these do not 
participate in the analytical specification (1.1).) 

The totally unstable process of Feller and McKean was constructed 
by first making up a certain diffusion process with the whole interval 
[0,1] as state-space and then showing that the system would spend 
virtually all its time in the states carrying rational numbers as labels. 
By lumping together all the states carrying irrational numbers as labels 
and treating them as a single ‘fictitious’ state ‘oo’, it became possible to 


Quart. J. Math. Oxford (2), 9 (1958), 149-60. 
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relabel the states as {0, 1, 2,..., 00} and all the states except ‘oo’ were then 
shown to be instantaneous. 

Dobrudin’s method for constructing a totally unstable system is simpler 
in character but is still not very easy to verify; he makes up a sequence 
FP», P®, P*,... of processes each having a finite number of states in such 
a way that the transition probabilities for A” converge (when n > 0) 
to transition probabilities for a process F which is then shown to be 
totally unstable. 

The method to be adopted in the present paper is entirely different 
and has certain advantages: for example, it is possible to write down 
expressions in closed form for the Laplace transforms of the functions 
p;;(.), and this greatly facilitates further study of the properties of the 
system. In brief our procedure will be to write down a linear operator Q 
acting on a dense subset of the Banach space /, to verify that it satisfies 
the Hille-Yosida conditions, and thus to conclude that it is the infini- 
tesimal generator of a transition semigroup; a simple calculation then 
reveals that the associated denumerable Markov process is totally 
unstable. [See also the note added in proof on p. 159.] 


2. The infinitesimal generator 

For each non-negative integer n we write J, for the set of all symbols 
[0, i,, tg,...,¢, | (where the i’s are positive integers) so that, for example, 
[0, 3,7, 18,3] € J,, and J, consists of the single element [0]. Where con- 
venient we shall drop the square brackets and commas and write 0 for 
[0], 01,4, for [0,7,,%,], and so on. We write J for the union of all the J, 
(n = 0, 1, 2,...) and a, B, y for typical elements of J. If « € J, then we 
shall write n = A(a). The elements of the denumerable set J will be used 
both to label the states of the system whose motion is to be described 
and to label the components of the vectors z = (...,2,,...) constituting 
the real Banach space I, so that 


||" op |r| < 00 (2.1) 


for all x = 1. It will be noticed that the elements a of J could also be 
used to label the vertices of an infinitely ramified tree with [0] as parent 
vertex, and one can conveniently think of the stochastic motion as 
taking place on such a tree. 

If « = Oi, i,... i, (where n > 1), then we define the immediate pre- 


decessor of “3 to be Ta = 0i, te oes - Ee © int (2.2) 


thus 7a = 0 whenever ae J,, and 70 is not defined. If a = 01; i,...%, 
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(where n > 0), then we denote the immediate successors of « by the 


symbols aj = Oi, i,...5,5 € Ina (2.3) 
where j is a positive integer. Thus 

(aj) = a, (2.4) 
and in general m(aj) # (7a)j. It follows that we can write 

a 98) 
instead of FF... F Héairis--5) 


A=1Lja=1  jm=1 
and this contracted notation will frequently be useful. 

The set J will be partly ordered by a relation ‘<’, where «a < f shall 
mean that aj, j...j,, = 8B for some m > 0 and suitable positive j’s; we 
shall then have 78 = a. As usual we write a < 8 when a <8 and 
equality is excluded, and then we say that a ‘precedes’ B. 

For any x €l we write 


x = 2,78 (ae I); (2.5) 


such summations over the ‘subtree’ having « as parent vertex necessarily 


converge absolutely. 
The specification of the system will involve an J-indexed family of 


real numbers {a,: «a € J} having the properties 





(i) a,=0 . 
(ii) O<a,<o whena #0 
a 1 . (2.6) 
(iii) S,,(«) = > <0 (m>1) 
wnynaY 
(iv) S,,(a)>0 when m>co ) 


Here c, is to be defined in terms of the a’s by 
c, = Sag (yel); (2.7) 
r ey Pir 
it will be noticed that c, > 0 unless y = 0 and that we shall never have 
occasion to divide by c, unless y 4 0. It should further be observed that 
0 < S,(a) < Sn4r(0) (2.8) 


when r = A(a); thus in verifying (iii) and (iv) of (2.6) we need only 
examine what happens when a = 0. 
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It must be shown by means of an example that such sets {a,: « € J} 
actually exist, and the reader will be able to verify that 
ad, = 0 
Qj jeuden = Bir tiattin—1 (Zin — 1) 
is such a set; in fact 


COf, jamin = Bir tdatntim— ] 
1 
and S,,(0) <> > 0 when mo. 


We are now in a position to introduce the operator Q which is to 
generate the transition semigroup. T'he domain Z(Q) is to consist of all 
the vectors x such that 





(i) wel 
(ii) thesum > |cgx®—x,9| is finite for each ae I 
and ea and it tends to zero whenm—+>co {° (2.9) 
a a aia 


It will be noticed that in verifying (ii) of (2.9) we need consider only 
what happens when «a = 0; also (i), (ii), and (iii) must be verified in the 
stated order, for each implies the meaningfulness of its successor. For 
each x € Z(Q) we now define Qa by 
(Qx)) = 2 (cg x®—xy) 
7p=0 


(Ox), = ¥ (cgx?—z,)—(c,2*—2 


mB =a 

where in the second definition « + 0. It will be observed that 7(Q) is 
linear, that the series occurring in the definitions of (Qzr), and (Qz), 
(« ~ 0) are all absolutely convergent, and that ¥ |(Qz),| < 00; thus Q 
maps Y(Q) linearly into!. We shall therefore have in Q the infinitesimal 
generator of a transition semigroup associated with an (honest!) Markov 
process if we can show that the following (Hille-Yosida) conditions hold 
[ef. (4)]: 

HY 1. 2&(Q) is dense in l. 

HY 2. (Ox), =0 when 0 <xe AQ). 

HY 3. Whenever \ > 0 and 0 < xel, then the equation 

M—-NE=x (EE FQ)) (2.11) 
has a unique solution £, and this € > 0. 

(Here we write x > 0 to mean that x, > 0 for all « € J.) 


(2.10) 


’ 
na) 














ON A DENUMERABLE MARKOV PROCESS 153 


In a first draft of this paper HY 1 was verified directly, but I am 
indebted to Mr. G. E. H. Reuter for pointing out to me (among other 
valuable suggestions) a rearrangement of the argument by which the 
reader will be spared a somewhat formidable computation. We shall 
begin by verifying HY 2 and HY 3, and it will then follow that (2.11) has 
a unique solution for all (and not merely for positive) x in 1; we write 
€ = J\~x for this solution and we recall that Jz is positive whenever x 
is so; in fact AJ, will be (for each positive A) a transition operator having 
Y(Q) as its exact range. It will then at once follow that Z(Q) is dense 
(so that HY 1 is satisfied) if it can be shown that 


lim |AJ,2—2|| = 0 


A> 
for some fundamental set of vectors x in 1. Such a set is {u(«): a € J}, 
where (u(a))g = 8,3 (Bed), (2.12) 
and, if (as will otherwise be convenient) we write 

Pag(A) = (A, u(x))g, (2.13) 
then AJ, u(x) —uu(x)|| = 21 —Ad,,(A)}, 


so that once HY 2 and HY 3 have been verified we are at liberty to 
replace HY 1 by 


HY 1’. limAg,(4) = 1 (ae J). 


It will be noticed that ¢,9(A) is the th component of £, where 
AE— QE = u(x). 


3. The Hille-Yosida conditions are satisfied 
We shall first show that ¥ (Qz), = 0 for all x € Z(Q) and this will 
establish slightly more than is required by HY 2. From the definition 


of Qa we have 
- (Qzr), = > (gx? a8), 


A(ay<n A(B) =n+ 
(Qz),| < 2 |legr?—z,g|, 
Afa)<n m®t+ip=0 
and the conclusion now follows from (2.9) (ii). 
A similar argument shows that, if 2 ¢ 7(Q) and a + 0, then 


> (Qz),= Taq CgOt+  % (c,2”—2,,), 
A(B)< Ata)-+n . 
so that (Qax)® = 0 \, (3.1) 
(QQar)* - Lg — Cy X (x a 0) J 


so that 








when 2 € F(Q). 
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As a first step in the verification of HY 3 we shall show that the 
equation Q¢ = Aé has no non-null solution € € Z(Q) when A > 0. For, 
if QE = 2é, then, in virtue of (3.1), we shall have 


Age = 0 
and AE* = E,4—CyE* (a #0), 
so that £Fi = oa 
B= éd14 
’ a 2 - +} 
= sie eal ot 2 ata) 


It has already been seen that £° = 0, sb the above recurrence relation 
therefore shows that £* = 0 for all Be J. That ¢ = 0 now follows from 
the identity ~ 

a £35, 


We now know that (2.11) has at most one solution whe 1 A > 0; we 
shall establish the existence of a solution (when A > 0 and 0 < x el) by 
actually constructing it. We shall first write down a recurrence relation 
determining é, in terms of £,, (« 4 0) and the definition of the vector ¢ 
will then be completed by specifying the ‘first term’ £,. It will then be 
shown that the vector € so constructed lies in D(Q), is positive, and 
satisfies (2.11). The recurrence relation is 


1 es Yay t bn § 
é,{1 4.3 Pye i: A+e, =O eS at il 


where a ~ 0; this will determine é in terms of £, Sand each of the series 
occurring in (3.2) is convergent, and evidently we shall have > 0 if (as 
we shall) we make £, > 0. Now (3.2) gives 


B 
ft S Stie = Ste (a #0), 











R oa A+¢g A+c, 
and iteration then gives 
nal +e x+€ 
=P = == 3.3 
bey wee oS = beady te (3.3) 


for each n > 1 and a $0. 
One consequence of (3.3) is that 
wi+E, 2) € 
a eee = Lae 0 
he, * Fa 
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so that fi< < t+ Hl tg, >= < ©. 
poo P 
Thus 0 < elif, >0. ony this line of er we find that 


ihe <j. 12 z+ > = 


mB=a apaa B 
when £, > 0, and each term on the taht toad side tends to zero when 
n-—>oo. Thus (3.3) gives 
(A+e)e* = 2 +£.q (a £0) (3.4) 
provided that €, > 0 
From the last result it follows that 


Pe <j eh 2d (%,+A4é,) 


0< 


agn"y 
when £, > 0, and the right-hand side is finite and tends to zero when 
m-—>oo. Also (if a 4 0 and £ > 0) 
~ (eg P—£,.)— (Ca *§—£ na) = - (a8 —AgP)—(a*—AE*) = AE,— Ty, 
80 Aa 0 <£&¢€2(Q). The last relation further shows that 
(AE—QE), = ZX, 
at least when a + 0, if £& > 0, so it only remains for us to show that a 
non-negative value can be assigned to €, in such a way that 


(AE—QE)q = 2p. 
We now choose £, so that 


f+ > ee wa) = alt 2 : ae (3.5) 


From (3.4) we know on 
af en. 
&&=f+ > P= pee t bof + wal 
Bo < A+¢g . 2.0% 
and so (because ag = cg when 78 = 0) we shall have 
£ = 7°/A. (3.6) 

This last relation can be written in the form 

re. om = X, 
and in virtue of (3.4) this is 

ns 2, (0-0) = % 


as required. 
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Conditions HY 2 and HY 3 have thus been verified. Now from 
(3.2) and (3.5) we find that 


Aboo(A) = 1+ = wa 


Maal) = {+ bumM}{1+ > 5 ah 
a mp =x 


when a ~ 0, and HY 1’ is then easily verified on noting that 
< PamalA) < (Ay u(a))° = A7+O (A>). 
It therefore follows from the general theory [see, for example, (4) | that 
Q on YQ) is the infinitesimal generator of a transition semigroup 9 


associated with an (honest!) Markov process #, the transition proba- 
bilities p;,(t) for which are the unique bounded continuous solutions to 


and that 





dap(d) = | e™Mpaglt) dt (A> 0), 


0 
where ¢,,(A) is the Bth component of € when x = u(x). It is a simple 
matter to obtain explicit formulae for the functions ¢,,(A) from the 
defining relations (3.5) and (3.2); for each pair (a, 8) the resulting formula 
depends on the relative situation of the vertices labelled « and £ in the 
infinitely ramified tree. 


4. The Markov process 7 is totally unstable 
It was proved in (4) that 


Ix om Tima A{1—A¢g,.(A)}; (4.1) 
thus for the Markov process FY we shall have 


= li 
afi mee 4 Eat 2 i) 





and 


a { Ay —_ A* ha malA) A \ Ri Rae. q 
4a i A+ce, + 2 ce am 2 ~* 


when a + 0. Now 











lim L =0 and lim > 


.—s-.) epos ty A> @ Bx. 


a A+¢g rz 


for all « in J; also 


iim Nba walA) = Pandl9t+) = 0, 
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so that qx = 0 (allae J) (4.2) 
and F is totally unstable. 


5. Some further results 

The analytical properties of the process Y and the associated semi- 
group Y have been examined in considerable detail and some of the 
more interesting results which have emerged from this examination will 
be recorded here; the proofs will be omitted in the interests of brevity. 


(1) The non-diagonal elements of the g-matrix are as follows: 
9n8g=1 (all B #0) 
Gup = 4%; (Bi <a) ; (5.1) 
dag =9 (B Ka, a A xB) 
If we say that ‘f is q-accessible from a’ when ¢,g > 0, then it will be 
seen that in the present example § will be g-accessible from « if and only 
if 8 is either any predecessor of « or any immediate successor of «. Accord- 
ing to Professor Feller [in a personal communication] this fact distin- 
guishes the present example from that of Feller and McKean (for which 
Jag = 0 whenever a + f). In the present example 


Iz = > Mag=O (allac/). 
Ba 


(2) When t + 0, Paglt) > Pp, 
where P; is positive, does not depend on a, and satisfies > P; = 1. The 
following recurrence relations determine the P;: 


1)-1 
natt 29 


-1 
P= ZL a (B £0) 


Y 


(5.2) 


If we assign probability P; to the choice of 8 € J as initial state, then 
# becomes a stationary process. It is further found [in the language 
of (6)] that the states form a single positive class and that the system 


is ‘strongly ergodic’. 
(3) We now adjoin ‘ideal’ states 
[0, 41, tg, ty,...] 


to I (where the i’s are positive integers) and allow them to participate 
in the partial ordering of J in the obvious way. We write 7 for J when 
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so augmented, 7 for a typical element of 7 and 7(«) for the sub- 
ae F(a) = frit ET, a<7} (5.3) 


when ae J. We then topologize the augmented tree 7 by taking the 
sub-trees F(a) and their set-theoretic complements as a system of 
sub-basic open sets. With this topology 7 is a totally disconnected 
compact Hausdorff space containing J as a dense subset. If J is the 
set Z —I of adjoined states, then J is also dense in 7. Also, if 


6 = [0, i, te, £g,...] E J 
and if 8, = [0, i, guess §,] € Ley 


then @, > 6 when n > 0. 


(4) We next introduce the Banach space C(7) of all real-valued 
continuous functions having 7 as domain and with the customary 
(uniform) norm. If 8 € J and if we write 


tr; B] = 1 when re Z(f), 


0 when +r ¢J7(8), ti 


then we obtain an element {{ . ; 8] of this function space and the Stone- 
Weierstrass theorem shows that the set of all {[ .; 8] with 8 € J is funda- 
mental in C(7). 

If z is an arbitrary element of C(.7), then we can associate with it 
the element of m (the Banach space of all bounded real-valued J-indexed 
sequences) obtained when the domain of the function z is restricted from 
JF to I. Not all the vectors in m can be obtained in this way, however. 
Let the linear subset of m so obtained be denoted by Z. The natural 
mapping from O(7) to Z is a (1:1) isometric linear isomorphism, so 
that Z is a closed subspace of m equivalent to C(7), and in fact Z 
coincides with the closed subspace of m spanned by the vectors {(8) 
obtained by the restriction of the domain of the functions {[ . ; 8], so that 


1 ifB<a, 

0 ifB<a. 

With the usual notation (y,x) for the scalar product of y € m and xe l 
we shall have (£(B), 2) = 28. 


Also, if z € C(7) and if 6 € J, then the relation 


(2(B))a = 


={0] = lim 2{6,] 
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enables one to calculate the values of the function z ¢ C(7) from the 
components of the associated vector z € Z: in fact 


zr] = z, when re J, 
2[7] = lim z,, when ze J. 


(5) The theory of the adjoint semigroup Y® in the sense of Phillips (9) 
can now be applied; this has been summarized from a probabilistic 
standpoint in (5) and the notations and terminology of that paper will 
be employed here. It turns out that the semigroup Y® adjoint in the 
sense of Phillips to the semigroup 9 of §§ 2 and 3 acts on the subspace 
X® = Z of m; the resolvent operator J, is strongly compact, and so 9 
is a reflexive semigroup symmetrically related to Y®. Because Z is 
equivalent to C(7), the dual semigroup Y® can be transferred so as to 
act on this space of continuous functions, and interesting questions now 
arise concerning the relation between the ideal states added to J to 
yield the compactified state-space 7 (the carrier-space of the continuous 
functions on which the dual semigroup Y® acts) and the ideal states 
which would have to be adjoined to J to permit an adequate description 
of the stochastic motion. It is hoped to give further study to such 
questions in a wider context and accordingly the preliminary results 
obtained in connexion with the present example will not be further 
reported here. We therefore conclude with a specification of the infini- 
tesimal generator Q® of the dual semigroup Y®. This operator acts on 
the set of all m-vectors y which satisfy the conditions 


(i) xc HYa8—U8)| <Hly) < (5.5) 
0< Pca 
for all « + 0; 
(ii) the vector yQ® defined by 
n° «= c ( 7B )— (Ya—Y, ) (5.6) 
Y 2 a 6 - 6 4B he 6 


lies in the subspace Z. 
When y is an m-vector satisfying (i) and (ii), ie. when y € (Q®), then 
yQ® is given by (5.6). 


Note added in proof. Professor David Blackwell informs me that he 
has recently constructed yet another example of a totally unstable 
process. His method is extremely simple and direct; no use is made 
of semigroup techniques, and indeed it might be quite a difficult task 
to calculate the infinitesimal generator Q of the Blackwell process. 








160 ON A DENUMERABLE MARKOV PROCESS 
REFERENCES 


1. R. L. DobruSin, ‘An example of a countable homogeneous Markov process all 
states of which are instantaneous’, T’eoriya Veroyatnostei i ee Primeneniya, 
1 (1956) 481-5. 

. J. L. Doob, Stochastic Processes (New York, 1953). 

. W. Feller and H. P. McKean, Jr., ‘A diffusion equivalent to a countable 
Markov chain’, Proc. Nat. Acad. Sci. 42 (1956) 351-4. 
4. D. G. Kendall, ‘Some further pathological examples in the theory of denumer- 
able Markov processes’, Quart. J. of Math. (Oxford) (2) 7 (1956) 39-56. 
5. D. G. Kendall and G. E. H. Reuter, ‘Some pathological Markov processes 
with a denumerable infinity of states and the associated semigroups of 
operators on 1’, Proc. Intern. Congress Math. 1954 (Amsterdam) 3 (1956) 
377-415. 
‘The calculation of the ergodic projection for Markov chains and pro- 
cesses with a countable infinity of states’, Acta Math. 97 (1957) 103-44. 
7. A. N. Kolmogorov, ‘On some problems concerning the differentiability of the 
transition-probabilities in a temporally homogeneous Markov process having 
a denumerable set of states’, Uéenye Zapiski (Matem.) Moskov. Gos. Univ. 
(4) 148 (1951) 53-59. 

. P. Lévy, ‘Systémes markoviens et stationnaires: cas dénombrable’, Ann. Sct. 
Ecole Normale Sup. (3) 68 (1951) 327-81. 

. R. 8. Phillips, ‘The adjoint semigroup’, Pacific J. of Math. 5 (1955) 269-83. 


2 
3 





Qo 


No) 

















Rage ae oengeees 





0665555966666660000000660000000600000000000 900000000004 


a4 
An Elementary Introduction to the 
Methods of Pure Projective Geometry 
Dr. J. READING, M.A., PH.D. 10s 
The j Operator for Electrical Engineers 
PHILIP KEMP, M.SC.TECH., M.1.E.E. 2Is 
Textbook of Economic Analysis 
EDWARD NEVIN, M.A., PH.D. 18s 
Mathematical Economics 
: R. G. D. ALLEN. C.B.£., M.A., D.SC., F.B.A. 63s 
MACMILLAN & CO LTD 


: St. Martin's Street, W.C.2 
+ 





THE UNIVERSITY SERIES 
IN HIGHER MATHEMATICS 


Commutative Algebra Vol. I (of 2) 


Prof. O. ZARISKI (Harvard) & P. SAMUEL(Clermont- 
Ferrand). Just published; the first systematic treatment 
aleniememintesigumnsre °° 


320 pp., 52s. 6d. 
General Topology 
Prof. J. L. KELLEY 298 pages, 66s. 


‘Sine = Spee 6d SM ON SCIENCE 
Introduction to Abstract Harmonic Analysis | MATHEMATICS & 
| THE HUMANITIES 


Lectures in Abstract Algebra 





Best. 0. CORSON, We 8-287 seam, 48 | IN ALL pte ce: 
Analytic Theory of Continued Fractions 
Prof.H.S.WALL 433 pages, Tis. 6d. PRES ap men pm 9 9 
May we send you detailed leaflet? * 
VAN NOSTRAND _ || W. HEFFER & Sons, Ltd. 





PUBLISHERS SINCE 1848 ieonebeined ¢ Cambridge 
se 358 Kensington High Street, Loadea W.1: = fi__— _—_______— 








160 ON A DENUMERABLE MARKOV PROCESS 


i. 


2. 


3. 


4. 


5. 


6. 


7 


8. 


9. 


REFERENCES 

R. L. DobruSin, ‘An example of a countable homogeneous Markov process all 
states of which are instantaneous’, T'’eoriya Veroyatnostei i ee Primeneniya, 
1 (1956) 481-5. 

J. L. Doob, Stochastic Processes (New York, 1953). 

W. Feller and H. P. McKean, Jr., ‘A diffusion equivalent to a countable 
Markov chain’, Proc. Nat. Acad. Sci. 42 (1956) 351-4. 

D. G. Kendall, ‘Some further pathological examples in the theory of denumer- 
able Markov processes’, Quart. J. of Math. (Oxford) (2) 7 (1956) 39-56. 

D. G. Kendall and G. E. H. Reuter, ‘Some pathological Markov processes 


with a denumerable infinity of states and the associated semigroups of 


operators on 1’, Proc. Intern. Congress Math. 1954 (Amsterdam) 3 (1956) 
377-415. 

—— ‘The calculation of the ergodic projection for Markov chains and pro- 
cesses with a countable infinity of states’, Acta Math. 97 (1957) 103-44. 

A. N. Kolmogorov, ‘On some problems concerning the differentiability of the 
transition-probabilities in a temporally homogeneous Markov process having 
a denumerable set of states’, Uéenye Zapiski (Matem.) Moskov. Gos. Univ. 
(4) 148 (1951) 53-59. 

P. Lévy, ‘Systémes markoviens et stationnaires: cas dénombrable’, Ann. Sci. 
Ecole Normale Sup. (3) 68 (1951) 327-81. 

R. 8. Phillips, ‘The adjoint semigroup’, Pacific J. of Math. 5 (1955) 269-83. 


a 





tooooooooococoooococesoccosooococeeceoecoces 


An Elementary Introduction to the 
Methods of Pure Projective Geometry 


Dr. J. HEADING, M.a., PH.D. 10s 


The j Operator for Electrical Engineers 


PHILIP KEMP, M.SC.TECH., M.1.E.E. 2Is 
Textbook of Economic Analysis 
EDWARD NEVIN, M.., PH.D. 18s 


Mathematical Economics 


066656066500000000000060000000004 


$ R. G. D. ALLEN. C.B.E., M.A., D.SC., F.B.A. 63s 
3 

§ MACMILLAN & CO LTD 
$ St. Martin's Street, W.C.2 

+o 





THE UNIVERSITY SERIES 
IN HIGHER MATHEMATICS 





Commutative Algebra Vol. I (of 2) 


Prof. O. ZARISKI (Harvard) & P. SAMUEL(Clermont- 
Ferrand). Just published; the first systematic treatment 
of the subject since Krull’s 1935 monograph. 

320 pp., 52s. 6d. 


General Topology 
Prof. J. L. KELLEY 298 pages, 66s. 
Proteiiity Theery eee 
‘ee Sn | Spates ae ON SCIENCE 
wetted Semen" || MATHEMATICS & 
THE HUMANITIES | 


Lectures in Abstract Algebra 
Prof. N. JACOBSON. Vel. I, 217 pages, 45s. 
Vol. Il, 292 pages, Sis. 


Analytic Theory of Continued Fractions 
Prof. H. S. WALL 433 pages, 71s. 6d. 
May we send you detailed leaflet? 
VAN NOSTRAND W. HEFFER & Sons, Ltd. 
PUBLISHERS SINCE 1848 Petty Cury + Cambridge 





358 Kensington High Street, London W.14 

















EIGENFUNCTION EXPANSIONS 


Associated with Second-order Differential Equations 
Part II 


E. C. TITCHMARSH 


(Fellow of the Royal Society; 
Savilian Professor of Geometry in the University of Oxford) 


Royal 8vo, 450 pp. 70s. net 


In Part I a theory of eigenfunction expansions associated with 
ordinary second-order differential equations was given. Here a 
similar theory is constructed for partial differential equations of the 
second order. It starts from the case of a rectangle with potential- 
function zero (ordinary multiple Fourier series), and is extended 
by limiting processes to general second-order equations in the 
whole space. Theorems on the nature of the spectrum, the dis- 
tribution of the eigenvalues and the convergence or summability 
of the eigenfunction expansion are proved. There follow chap- 
ters on perturbation theory (involving both discrete and contin- 
uous spectra) and on the case where the potential function is 
periodic. In the last chapter theorems in general analysis which 
are quoted in the main text are proved. 


By the same author: 


THE THEORY OF FUNCTIONS, Second edition, 35s. net 
INTRODUCTION TO THE THEORY OF FOURIER INTEGRALS, 


30s. net 


THE THEORY OF THE RIEMANN ZETA-FUNCTION, 455. net 


OXFORD UNIVERSITY PRESS 




















